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Abstract 
 

   

No-arbitrage term structure models are becoming increasingly important to policy makers 

and practitioners alike. Several factors justify this trend. First, modeling progress has been 

tremendous over the last years, allowing a much better fit of actual yield curve dynamics 

and increased model realism (see Dai and Singleton (2002a,b)). Second, increases in 

computing power allow the efficient panel estimation of term structure models. Given that 

term structure models have implications for both the cross-section and time series 

dimension of yields, panel estimation techniques are to be preferred over either cross-

section or time series techniques. Third, term structure models have recently been 

extended in ways that are of direct interest to policy makers. Example given, Dewachter 

and Maes (2001) model the international term structure of interest rates, taking into 

account the role of the exchange rate in a no-arbitrage economy, while amongst others 

Hördahl et al. (2002) and Dewachter et al. (2002) jointly model the term structure of 

interest rates with the dynamics of macroeconomic variables. The latter approach allows to 

study (i) the driving factors behind the term structure and the risk premia in terms of clearly 

interpretable macroeconomic variables and their determinants, and (ii) the effects of 

monetary policy on the term structure of interest rates and macroeconomic variables within 

a consistent no-arbitrage framework. 



 

2 NBB WORKING PAPER No. 42 - FEBRUARY 2004 

 



 

NBB WORKING PAPER No. 42 - FEBRUARY 2004 3 

TABLE OF CONTENTS: 
 

1. Introduction ………………………………………………………………………………………... 1 

2. Modeling Uncertainty ……………………………………………………………………………... 3 

2.1 Probability Spaces ...................................................................................................3 

2.2 Standard Brownian Motion ……………………………………………………………....4 

2.3 Diffusions and Itô’s Lemma ………………………………………………………….......6 

2.4 Modeling Interest Rate Dynamics and Interest Rate Derivative Pricing ...................8 

 3. Absence of Arbitrage and Its Implications ………………………………………………............11 

      3.1 Pricing Kernel Dynamics ………………………………………………………………...12 

      3.2 Risk Neutral Pricing ………………………………………………….......................... .16  

 4. A Bird’s Eye View of Term Structure Models ………………………………………………….. .18 

      4.1 Absolute versus Relative Pricing or General versus Partial Equilibrium …………...19 

      4.2 Single- versus Multi-Factor Models …………………………………………………….20 

      4.3 Affine Term Structure Models …………………………………………………………..21 

    4.3.1 Solving the Term Structure Partial Differential Equation ………………….22 

    4.3.2 Parameterizing Affine Term Structure Models ……………………………..24 

    4.3.3 Admissibility Conditions ………………………………………………………25 

    4.3.4 Beyond the Affine Class of Term Structure Models: Quadratic Models  ..27 

    4.3.5 Joint Models of Macroeconomic and Term Structure Dynamics …..........28 

 5. Conclusions ………………………………………………………………………………………...29 

 Appendix: Linking the Term Structure of Interest Rates to Output and Inflation Dynamics ….32 

 References …………………………………………………………………………………………….35 



 

4 NBB WORKING PAPER No. 42 - FEBRUARY 2004 

 

 



4 Lqwurgxfwlrq

�Wkh txhvw iru xqghuvwdqglqj zkdw pryhv erqg |lhogv kdv surgxfhg dq hqruprxv
olwhudwxuh zlwk lwv rzq mrxuqdov dqg judgxdwh frxuvhv1 Wkrvh zkr zdqw wr mrlq wkh
txhvw duh idfhg zlwk frqvlghudeoh revwdfohv1 Wkh olwhudwxuh kdv hyroyhg prvwo| lq
frqwlqxrxv wlph/ zkhuh vwrfkdvwlf fdofxoxv uhljqv dqg sduwldo gl�huhqwldo htxdwlrqv
vslw �uh1 Wkh nqljkwv lq wklv olwhudwxuh duh �jkwlqj iru gl�huhqw jrdov/ zklfk pdnhv
lw riwhq gl!fxow wr frpsuhkhqg zk| wkh txhvw lv prylqj lq fhuwdlq gluhfwlrqv1 Exw
wkh txhvw lv prylqj idvw/ dqg gudjrqv duh ehlqj ghihdwhg1�

0 Prqlnd Sld}}hvl +5335, 0

Wkh whup vwuxfwxuh ri lqwhuhvw udwhv kdv lqwuljxhg dqg idvflqdwhg jhqhudwlrqv
ri dfdghplf uhvhdufkhuv dqg sudfwlwlrqhuv1 Wklv vkrxog qrw frph dv d vxusulvh1 Dq
xqghuvwdqglqj ri wkh vwrfkdvwlf ehkdylru ri |lhogv lv lpsruwdqw iru wkh frqgxfw
ri prqhwdu| srolf|/ wkh �qdqflqj ri sxeolf ghew/ wkh irupdwlrq ri h{shfwdwlrqv
derxw uhdo hfrqrplf dfwlylw| dqg lq dwlrq/ wkh ulvn pdqdjhphqw ri d sruwirolr ri
vhfxulwlhv/ dqg wkh ydoxdwlrq ri lqwhuhvw udwh ghulydwlyhv1 Wkh whup vwuxfwxuh ri
lqwhuhvw udwhv lv iruzdug orrnlqj e| frqvwuxfwlrq dqg hqfdsvxodwhv erwk pdunhw
h{shfwdwlrqv dqg wkh h{shfwhg h{fhvv uhwxuqv +ru ulvn suhpld, wkdw duh uhtxluhg e|
lqyhvwruv dv frpshqvdwlrq iru ehlqj h{srvhg wr gl�huhqw vrxufhv ri pdfurhfrqrplf
ulvn

�
1
Lqwhuhvw lv sd|phqw +uhfhlyhg, iru eruurzlqj +ohqglqj, ixqgv ryhu d shulrg ri

wlph1 Dq lqwhuhvw udwh lv wkh dprxqw ri lqwhuhvw shu xqlw ri wlph dv d iudfwlrq ri
wkh wrwdo dprxqw ri ixqgv1 Wkh |lhog ri d sduwlfxodu erqg lv wkh �fwlrqdo/ frqvwdqw/
nqrzq/ dqqxdo lqwhuhvw udwh wkdw htxdwhv wkh sulfh ri wkh erqg wr wkh vxp ri wkh
suhvhqw ydoxhv ri lwv jhqhudwhg fdvk  rzv/ dvvxplqj wkdw wkh erqg lvvxhu grhv qrw
ghidxow1 Sxw gl�huhqwo|/ wkh |lhog lv d suhflvho| gh�qhg phdvxuh ri wkh dyhudjh
uhwxuq r�huhg wr wkh erqgkroghu ryhu wkh uhpdlqlqj wlph wr pdwxulw| ri wkh erqg1
E| frqvwuxfwlrq/ wkhuh lv d rqh0wr0rqh uhodwlrqvkls ehwzhhq |lhogv dqg erqg sulfhv/
vr vwxg|lqj |lhogv lv htxlydohqw wr vwxg|lqj erqg ydoxdwlrq1 Zh gh�qh d }hur
frxsrq erqg +]FE, dv d fodlp wkdw grhv qrw surplvh dq| sd|phqwv +frxsrqv,
gxulqj lwv wlph wr pdwxulw|/ exw surplvhv wr sd| � xqlw ri dffrxqw +ru htxlydohqwo|
�ffI ri wkh idfh ydoxh, dw lwv wlph ri pdwxulw|1 Wklv sdshu irfxvhv dwwhqwlrq wr
erwk wkh wlph vhulhv dqg furvv0vhfwlrq ri |lhogv wkdw duh lpsolhg e| ghidxow0ulvn0iuhh
]FEv1 Wkh wlph | ]FE whup vwuxfwxuh ri lqwhuhvw udwhv/ ru |lhog fxuyh/ lv wkh fxuyh
wkdw dulvhv zkhq zh sorw wkh |lhogv dw wlph | ri ]FEv wkdw pdwxuh dw lqfuhdvlqj

�
Lq jhqhudo/ wkh sulfh ri dq| �qdqfldo dvvhw lv ghwhuplqhg e| wkh h{shfwhg ydoxh ri lwv ixwxuh

+xq,fhuwdlq fdvk  rzv1 Khqfh/ wkh sulfh uh hfwv +udwlrqdo ru luudwlrqdo, pdunhw h{shfwdwlrqv dv
zhoo dv lqyhvwruv* dwwlwxghv wrzdugv wkh ulvnv wkh| duh h{srvhg wr1 Wkh whup vwuxfwxuh zloo eh
sduwlfxoduo| zhoo0vxlwhg wr whdfk xv vrphwklqj derxw pdunhw h{shfwdwlrqv1 E| �owhulqj rxw wkh
ulvn suhpld/ pdunhw h{shfwdwlrqv fdq eh lvrodwhg dqg dqdo|}hg1
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wlphv wr pdwxulw|1
�
Lq sudfwlfh/ wkh pdmrulw| ri h{lvwlqj erqgv sd| dq dqqxdo ru

vhpl0dqqxdo frxsrq/ duh lvvxhg e| jryhuqphqwv dqg frusrudwlrqv/ dqg riwhq frph
zlwk rswlrqv dwwdfkhg wr wkhp1 Vr/ vwxg|lqj |lhogv +sulfhv, ri ghidxow0ulvn0iuhh
]FEv pljkw vhhp xqlqwhuhvwlqjo| uhvwulfwlyh dw �uvw vljkw1 Krzhyhu/ frxsrq erqgv
fdq eh frqvlghuhg wr eh sruwirolrv ri ]FEv zlwk sd|r�v dqg pdwxulwlhv wkdw pdwfk
wkh frxsrq sd|phqwv1 Lq wkh vdph zd|/ fdoodeoh ru sxwdeoh frxsrq erqgv fdq eh
uhjdughg wr eh sruwirolrv ri glvfrxqw erqgv dqg sodlq rswlrqv1 Ilqdoo|/ wkh prghuq
prgholqj dssurdfk wr ydoxh erqgv zlwk fuhglw ulvn lv vlplodu wr wkh rqh suhvhqwhg
khuh +vhh h1j1 Gx!h dqg Vlqjohwrq +�bbb,,1

D prgho ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv pdnhv h{solflw krz wkh |lhogv ri
]FEv/ gl�hulqj rqo| lq wkhlu wlph wr pdwxulw|/ uhodwh wr hdfk rwkhu dw hdfk jlyhq
srlqw lq wlph1 Wkh hdvlhvw dssurdfk wr prgho wkh whup vwuxfwxuh lv e| pdnlqj xvh
ri d sxuho| vwdwlvwlfdo prgho1 H{dpsoh jlyhq/ rqh pljkw shuirup d idfwru dqdo|vlv
ru sulqflsdo frpsrqhqw dqdo|vlv ri |lhog fkdqjhv dqg h{suhvv wkh fryduldqfh pdwul{
ri |lhogv lq whupv ri d ihz idfwruv wkdw ghvfuleh wkhlu frpprq pryhphqw +vhh iru
h{dpsoh Eolvv +�bb.,,1 Dowhuqdwlyho|/ uhjxodwruv riwhq xvh whfkqltxhv wkdw �w wkh
hpslulfdo whup vwuxfwxuh zlwk d vshfl�f ixqfwlrqdo irup +h1j1 Qhovrq dqg Vlhjho
+�bH., dqg Vyhqvvrq +�bbe,,1 Wkh sureohp zlwk doo wkhvh dssurdfkhv lv wkdw rqh
fdq txlwh hdvlo| uhdfk d vwdwlvwlfdo uhsuhvhqwdwlrq ri |lhogv wkdw lpsolhv dq duelwudjh
rssruwxqlw|

�
1 Khqfh/ wkhvh prghov duh loo0vxlwhg iru wkh hfrqrplf xqghuvwdqglqj

ri |lhogv dqg iru wkh dssolfdwlrqv phqwlrqhg lq wkh �uvw sdudjudsk deryh1
Wklv sdshu lqwurgxfhv wkh uhdghu wr wkh prgholqj ri wkh whup vwuxfwxuh ri

lqwhuhvw udwhv1 Lq hvvhqfh/ doo wkh vr0fdoohg whup vwuxfwxuh prghov duh gulyhq e|
wkh dvvxpswlrq wkdw duelwudjh rssruwxqlwlhv duh devhqw1 Wkh lqwxlwlyh frqfhsw ri
devhqfh ri duelwudjh fdq eh olqnhg gluhfwo| wr wkh h{lvwhqfh ri d sulflqj nhuqho dqg
d ulvn qhxwudo suredelolw| phdvxuh1 Wkh odwwhu frqfhswv duh dw wkh khduw ri wkh
prghuq �qdqfh olwhudwxuh dqg sod| d xqli|lqj uroh lq lw +vhh Frfkudqh +2ff�, dqg
Gx!h +2ff�,,1 Uhvhdufkhuv kdyh ghyhorshg d pxowlwxgh ri whup vwuxfwxuh prghov
+WVPv, wkdw duh frqvlvwhqw zlwk wkh devhqfh ri duelwudjh rssruwxqlwlhv gxulqj wkh
�bHfr dqg �bbfr

�
1 Lw wxuqv rxw wkdw lpsrvlqj devhqfh ri duelwudjh rssruwxqlwlhv

�
Ri frxuvh/ }hur frxsrq erqgv zlwk wkh vdph whup wr pdwxulw| pljkw vwloo kdyh gl�huhqw |lhogv

gxh wr gl�huhqfhv lq ghidxow ru fuhglw ulvn/ oltxlglw| ulvn/ dqg lqfrph wd{ uxohv1 Wkh uhvxowlqj
uhodwlrqvkls dprqj wkhvh |lhogv iru d jlyhq wlph wr pdwxulw| lv uhihuhuuhg wr dv wkh ulvn vwuxfwxuh
ri lqwhuhvw udwhv1
Khuh/ zh zloo eh frqfhuqhg vroho| zlwk wkh whup vwuxfwxuh ri |lhogv rq ghidxow0ulvn0iuhh }hur

frxsrq erqgv1 Wkh txdol�hu �ghidxow0ulvn0iuhh� zloo eh ohiw dzd| lq wkh iroorzlqj vlqfh ghidxow
ulvn lv frqvlghuhg qrzkhuh lq wkh sdshu1�

H{dpsoh jlyhq/ vwdwlvwlfdo dqdo|vhv vxfk dv lq Olwwhupdq dqg Vfkhlqnpdq +4<;;, xvxdoo|
vxjjhvw wkdw d �ohyho� idfwru/ vkliwlqj doo |lhogv xs ru grzq/ dffrxqwv iru d vljql�fdqw sduw ri wkh
|lhog yduldelolw|1 Krzhyhu/ G|eylj dqg Lqjhuvroo +4<<9, ghulyh wkdw/ lq rughu wr suhfoxgh duelwudjh
rssruwxqlwlhv/ wkh orqj0pdwxulw| |lhog pxvw frqyhujh wr d frqvwdqw1
Iru d glvfxvvlrq ri wkh lqfrqvlvwhqflhv lq wkh Qhovrq0Vlhjho whfkqltxhv/ vhh Ilolsrylf +5333, dqg

Eurxvvhdx +5335,1�
Iru wuhdwphqwv zlwk gl�hulqj ghjuhhv ri irupdolvp/ frqvxow wkh uhylhz sdshuv ri Edfn +4<<9,/

Eroghu +5334,/ Fkdspdq dqg Shduvrq +5334,/ Gdl dqg Vlqjohwrq +5335e> 5335f,/ Ilvkhu +5334,/
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lq �qdqfldo pdunhwv lpsolhv vwurqj uhvwulfwlrqv rq wkh wlph vhulhv ehkdylru ri hdfk
|lhog dqg rq wkh furvv0vhfwlrq ri |lhogv dw hdfk srlqw lq wlph1 E| doo phdqv/ wkhvh
prghov kdyh pdgh d vxevwdqwldo lpsdfw lq wkh �qdqfldo vhuylfhv lqgxvwu|/ surylqj
wkdw vrsklvwlfdwhg �qdqfh wkhru| fdq eh ri sudfwlfdo xvh1

Wkh sdshu lv rujdql}hg lq wkh iroorzlqj zd|1 Vhfwlrq 2 eulh | vnhwfkhv krz
suredelolw| vsdfhv dqg suredelolw| prghov duh xvhg lq wkh �qdqfh olwhudwxuh wr gh0
vfuleh uhdo zruog xqfhuwdlqw|1 Vhfwlrq � vwxglhv devhqfh ri duelwudjh dqg krz wklv
fhqwudo frqfhsw wudqvodwhv lqwr wkh pdlq sulflqj htxdwlrqv1 Wkh pdlq wkhruhwlfdo
exloglqj eorfnv wkdw sod| d xqli|lqj uroh lq prghuq �qdqfh duh lqwxlwlyho| glvfxvvhg
khuh1

�
Lq vhfwlrq e/ zh irfxv dwwhqwlrq wr wkh srsxodu d!qh fodvv ri idfwru WVPv

dqg vkrz h{solflwo| krz zh fdq txdvl0dqdo|wlfdoo| vroyh iru wkh ]FE sulfhv zkhq
pdnlqj vshfl�f dvvxpswlrqv derxw wkh xqghuo|lqj vwrfkdvwlf idfwruv dqg wkh vr0
fdoohg sulfhv ri ulvn +ru lqvwdqwdqhrxv h{shfwhg uhzdug wr ulvn udwlrv,1 Pruhryhu/
wkh vwuhqjwkv dqg zhdnqhvvhv ri d wudfwdeoh fodvv ri pdwkhpdwlfdo whup vwuxfwxuh
prghov duh glvfxvvhg dqg wkh dowhuqdwlyh prghov wkdw kdyh ehhq sxw iruzdug uh0
fhqwo| duh uhylhzhg1 Vhfwlrq D frqfoxghv1

5 Prgholqj Xqfhuwdlqw|

Ilqdqfldo hfrqrplfv lv derxw krz shrsoh doorfdwh vfdufh uhvrxufhv ryhu wlph dqg
xqghu xqfhuwdlqw|1 Wklv vhfwlrq glvfxvvhv lq dq lqirupdo zd| krz wkh �qdqfh
olwhudwxuh dssurdfkhv +prghov, xqfhuwdlqw|1 Wkh fdvk  rzv jhqhudwhg e| �qdqfldo
dvvhwv pd| eh nqrzq zlwk fhuwdlqw|/ exw dw ohdvw wkh glvfrxqw udwhv lq wkh ixwxuh/ l1h1
ixwxuh lqwhuhvw udwhv/ duh frqwlqjhqw rq wkh xqfhuwdlq ixwxuh vwdwh ri wkh hfrqrp|1
Wkh hfrqrp| frxog eh errplqj lq wkh ixwxuh/ zklfk w|slfdoo| jlyhv ulvh wr uhodwlyho|
kljk lqwhuhvw udwhv/ ru d ixwxuh uhfhvvlrq frxog uhvxow lq uhodwlyho| orz lqwhuhvw udwhv1
Khqfh/ iurp wkh shuvshfwlyh ri zkdw lv nqrzq zlwk fhuwdlqw| wrgd|/ dwwdfklqj d
ydoxh wr hyhq ghidxow0ulvn0iuhh ]FEv zloo lqyroyh ghdolqj zlwk xqfhuwdlqw| lq vrph
zd|1 Gxulqj wkh odvw wzr ghfdghv/ wkh prgholqj dssurdfk wr dvvhw sulflqj xqghu
xqfhuwdlqw| kdv ehhq vwuhdpolqhg wr d pruh ru ohvv xql�hg dssurdfk durxqg wkh
qrwlrq ri devhqfh ri duelwudjh rssruwxqlwlhv/ ru htxlydohqwo|/ durxqg wkh h{lvwhqfh
ri d sulflqj nhuqho ru d ulvn qhxwudo suredelolw| phdvxuh1

514 Suredelolw| Vsdfhv

Wr uhsuhvhqw xqfhuwdlqw|/ zh fkrrvh d suredelolw| vsdfh Elc I c S�/ rq zklfk doo
vwrfkdvwlf surfhvvhv lq wklv sdshu zloo eh gh�qhg1 Lqirupdoo|/ wkh vdpsoh vsdfh l

Jlevrq/ hw do1 +5334,/ Oxqg +4<<;,/ Sld}}hvl +5335,/ Urjhuv +4<<8,/ Vxeudkpdq|dp +4<<9,/
Vxqgduhvdq +5333,/ dqg \dq +5334,/ ru errnv vxfk dv Frfkudqh +5334,/ Grwkdq +4<<3,/ Gx!h
+5334,/ Ndudw}dv dqg Vkuhyh +4<;;> 4<<4,/ Plnrvfk +4<<<,/ Qhiwfl +4<<9,/ dqg Vklpnr +4<<5,1	

Wr pd{lpl}h lqwxlwlrq dqg xqghuvwdqglqj dqg plqlpl}h rq qrwdwlrqdo exughq/ zh vhw rxw
wkh wkhru| lq vhfwlrqv 5 dqg 6 lq xqlyduldwh fdofxoxv1 Pxowlyduldwh fdofxoxv grhv qrw srvh dq|
frqfhswxdo sureohpv/ krzhyhu/ dqg zh zloo pdnh xvh ri lw lq vhfwlrq 71
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xqlwhv doo srvvleoh rxwfrphv ri wkh vwdwh ri wkh zruog1 Vxevhwv ri l duh uhihuuhg
wr dv hyhqwv1 D wuleh +ru j0dojheud, I lv d froohfwlrq ri �lqwhuhvwlqj� hyhqwv1 Wzr
h{wuhph fdvhv ri d wuleh lqfoxgh wkh plqlpdo rqh/ I 
 ' i�clj/ zkhuh � uhsuhvhqwv
wkh hpsw| vhw/ dqg wkh pd{lpdo rqh/ I � / zklfk kdv dv hohphqwv doo srvvleoh vxevhwv
ri l +vrphwlphv uhihuuhg wr dv wkh srzhu vhw,1 Iru rxu sxusrvhv/ zh duh lqwhuhvwhg
lq vhtxhqfhv ri hyhqwv dfurvv wlph/ dqg zh zloo pdnh l d vhw zlwk lqfuhdvlqj
glphqvlrqv ryhu wlph1 Zh fuhdwh d �owudwlrq LI/ zklfk lv d vhtxhqfh ri wulehv/
LI ' iI � j ��
�
 c I � � I � / uhsuhvhqwlqj wkh lqirupdwlrq ri djhqwv wkurxjk wlph1 D
�owudwlrq fdq eh lqwxlwlyho| xqghuvwrrg dv dq hyhu lqfuhdvlqj vwuhdp ri lqirupdwlrq/
�{lqj d klvwru| ri hyhqwv1 E| dvvxpswlrq/ djhqwv gr qrw irujhw/ lpso|lqj wkdw
I � � I � / zkhqhyhu r � |1 Lq wkh olplw/ frpsohwh lqirupdwlrq lv rewdlqhg/ I � 1 D
suredelolw| phdvxuh S rq Elc I� lv d ixqfwlrq S G I � $ dfc �o/ vdwlvi|lqj SE�� ' f
dqg SEl� ' �1 Wkh ixqfwlrq S dvvljqv d qxpehu +suredelolw|, wr hyhu| vhw 8 5 I � 1

Duphg zlwk d suredelolw| vsdfh wulsoh Elc I c S�/ zh fdq gh�qh d udqgrp ydul0
deoh f dv d pdsslqj iurp +vxevhwv ri, l wr LU1 Iru h{dpsoh/ wkh prqwko| uhwxuq
ri d ]FE lv d udqgrp yduldeoh1 Lw fdq eh xqghuvwrrg dv d eodfn er{ wkdw wdnhv
txdolwdwlyh hyhqwv dv lqsxwv dqg jlyhv d uhdo qxpehu/ wkh ]FE uhwxuq/ dv dq rxwsxw1
Udqgrp hyhqwv prvw riwhq kdyh txdolwdwlyh dvshfwv1 D udqgrp yduldeoh jlyhv d
txdqwlwdwlyh  dyru wr wkrvh txdolwdwlyh hyhqwv/ doorzlqj wkhp wr eh kdqgohg h�hf0
wlyho|1 D frqwlqxrxv vwrfkdvwlf surfhvv ifE|�j ��
�
 +ru vlpso| fE|�, lv d froohfwlrq ri
udqgrp yduldeohv1 Erwk d udqgrp yduldeoh dqg d vwrfkdvwlf surfhvv kdyh udqgrp
uhdol}dwlrqv/ exw wkh uhdol}dwlrq ri d udqgrp yduldeoh lv d qxpehu lq LU/ zkhuhdv wkh
uhdol}dwlrq ri d vwrfkdvwlf surfhvv lv d ixqfwlrq rq wkh wlph grpdlq1 Sxw gl�huhqwo|/
d vwrfkdvwlf surfhvv lv udqgrp lq whupv ri wkh wudmhfwru| dv d zkroh/ udwkhu wkdq
lq whupv ri d sduwlfxodu ydoxh dw d vshfl�f srlqw lq wlph1 Lqwxlwlyho|/ lw uhsuhvhqwv
d udqgrp gudzlqj iurp d froohfwlrq ri srvvleoh wudmhfwrulhv1 Fkrrvlqj d fhuwdlq
vwdwh ri wkh zruog ghwhuplqhv wkh frpsohwh wudmhfwru| ryhu wlph1

D frqglwlrqdo h{shfwdwlrq rshudwru/ .
�
d �m I � o � .

�
� d�o/ lv dozd|v gh�qhg zlwk

uhvshfw wr d fhuwdlq lqirupdwlrq vhw/ vd| I � / dqg zlwk uhvshfw wr d fhuwdlq suredelo0
lw| phdvxuh/ vd| S1 Ilqdoo|/ d S0pduwlqjdoh lv gh�qhg dv d vwrfkdvwlf surfhvv fE|�
iru zklfk lw krogv wkdw .

�
� dfEA �o ' fE|�/ iru doo A � |1 Wkhuh duh wzr dgglwlrqdo

whfkqlfdo frqglwlrqv= fE|� vkrxog eh dgdswhg wr I � +phdqlqj wkdw fE|� vkrxog eh
nqrzq dw wlph |,/ dqg . dmfE|�mo 	 4 iru doo |1

515 Vwdqgdug Eurzqldq Prwlrq

Vwdqgdug Eurzqldq prwlrq lv d vwrfkdvwlf surfhvv qdphg diwhu wkh elrorjlvw Urehuw
Eurzq/ zkr fodlphg wr kdyh revhuyhg lw lq sroohq vxvshqghg lq zdwhu durxqg �H2.1
Pxfk ri wkh vflhqwl�f zrun iru wklv prgho zdv lqlwldoo| grqh e| Orxlv Edfkholhu lq
�bff +vhh Frxuwdxow hw do1 +2fff, iru d klvwrulfdo dffrxqw,/ dqg odwhu pruh uljrurxvo|
hoderudwhg e| Doehuw Hlqvwhlq +�bfD,/ Qruehuw Zlhqhu +�b2�,/ dqg rwkhuv1 Surylqj
wkdw wkhuh h{lvwv d vwdqgdug Eurzqldq prwlrq rq d suredelolw| vsdfh Elc I c S� lv
qrw reylrxv/ exw dozd|v srvvleoh1 Zkhq zh vd| wkdw d vwrfkdvwlf surfhvv/ vxfk

7



dv ` E|� lv d vwdqgdug Zlhqhu surfhvv xqghu d jlyhq suredelolw| phdvxuh S/ zh
duh vd|lqj wkdw wkh suredelolwlhv ri lwv srvvleoh sdwkv duh dvvljqhg vxfk wkdw lwv
fhqwudo surshuwlhv +vxfk dv }hur h{shfwhg ydoxh, duh suhvhuyhg1 Iru lqvwdqfh/ zkhq
wkh suredelolw| phdvxuh lv fkdqjhg wr/ vd|/ T/ vxfk wkdw wkh surfhvv qr orqjhu kdv
d }hur h{shfwhg ydoxh/ lw lv qr orqjhu wkh vdph wklqj1 Exw lw fdq eh suryhq wkdw
dqrwkhu surfhvv/ vd| `

�
E|�/ grhv kdyh wkh surshuw| ri d vwdqgdug Zlhqhu surfhvv

xqghu wkh qhz suredelolw| phdvxuh T +wkh Jluvdqry0Fdphurq0Pduwlq wkhruhp,1
Frqvlghu d glvfuhwh0wlph udqgrp zdon ghvfulswlrq=

` ������� ' ` � n 0 ������� c
` 
 ' fc 0 ������� � Q Efc{|� �

+4,

Qrz frqvlghu wkh frqwlqxrxv0wlph ehkdylru ri wklv surfhvv dv {| whqgv wrzdugv wkh
lq�qlwhvlpdo wlph lqfuhphqw _|/ zkhuh _| lv khxulvwlfdoo| gh�qhg dv wkh vpdoohvw
srvlwlyh uhdo qxpehu vxfk wkdw +Vklpnr +�bb2,,=

_|
� � f zkhqhyhu k : �� +5,

D vwdqgdugZlhqhu surfhvv ru vwdqgdug Eurzqldq prwlrq ` E|� fdq eh frqvwuxfwhg
e| wdnlqj wkh olplw ri wkh glvfuhwh0wlph udqgrp zdon +�, zlwk mxpsv jhqhudwhg e|
d vwdqgdug qrupdo yduldeoh zlwk phdq }hur dqg yduldqfh htxdo wr wkh wlph ehwzhhq
mxpsv/ dv wkh wlph ehwzhhq mxpsv frqyhujhv wr _|=

` E| n _|� ' ` E|� n 0 E| n _|� c
` Ef� ' fc 0 E| n _|� � Q Efc _|� c

+6,

dqg gh�qh _` E|� � ` E| n _|� � ` E|�1 Erwk _` E|� dqg 0 E| n _|� duh uhihuuhg wr
dv zklwh qrlvh1 Lqwxlwlyho|/ ` E|� fruuhvsrqgv wr wkh frqfhsw ri d frqwlqxrxv0wlph
udqgrp zdon1 Vl{ surshuwlhv iroorz e| frqvwuxfwlrq

�
=

El� . d_` E|�o ' fc
Ell� . d_` E|�_|o ' _|. d_` E|�o ' fc

Elll� .
k

E_` E|��
� l

' _|c

Ely� .
k

E_` E|�_|�
� l

' _|
�
.

k

E_` E|��
� l

' fc

Ey� T @o
k

E_` E|��
� l

' .
k

E_` E|��
� l

�
�

.
k

E_` E|��
� l� �

' �_|
�

� _|
�
' fc

Eyl� T @o d_` E|�_|o ' .
k

E_` E|�_|�
� l

� . d_` E|�_|o
�
' f�

+7,

Wkhvh surshuwlhv duh lpsruwdqw ehfdxvh wkh| ghprqvwudwh wkdw wkh yduldqfhv ri
E_` E|��

�
dqg _` E|�_| ydqlvk1 Wkh h{shfwdwlrq rshudwru lq +ll, dqg +lll, ehfrphv

�
Surshuwlhv +l,/ +ll,/ dqg +lll, iroorz iurp vwdqgdug vwdwlvwlfv dqg wkh gh�qlwlrq ri gZ +w, lq

+6,1 Surshuw| +ly, iroorzv iurp wkh khxulvwlf gh�qlwlrq ri gw lq +5,1 Surshuw| +y, iroorzv iurp wkh
xvh ri wkh irxuwk fhqwudo prphqw ri d vwdqgdug qrupdoo| glvwulexwhg yduldeoh dqg iurp surshuw|
+lll,1 Surshuw| +yl, iroorzv iurp surshuwlhv +ll, dqg +ly,1
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uhgxqgdqw li wkh fruuhvsrqglqj yduldqfh lv }hur +surshuwlhv +y, dqg +yl,,1 Khqfh/
lq frqwlqxrxv wlph/ wkh iroorzlqj khxulvwlf pxowlsolfdwlrq uxohv duh lpsolhg e| wkh
deryh surshuwlhv=

;

A?

A=

uxoh 4= _` E|�
�

' _|c
uxoh 5= _` E|�_| ' fc
uxoh 6= _|

�
' fc

+8,

zkhuh wkh odvw uxoh iroorzv iurp rxu lqlwldo khxulvwlf gh�qlwlrq ri _| lq +2,1 Wkh �uvw
pxowlsolfdwlrq uxoh vwdwhv wkdw wkh vtxduh ri wklv vshfldo vwrfkdvwlf lqfuhphqw lv d
sxuho| ghwhuplqlvwlf txdqwlw|1 Lw lv fohdu wkdw _` E|� lv d vshfldo nlqg ri gl�huhqwldo/
d vwrfkdvwlf gl�huhqwldo/ qrw wr eh frqixvhg zlwk wkh ruglqdu| gl�huhqwldov/ vd| _%/
ri wkh Qhzwrqldq fdofxoxv1 Dowkrxjk _` E|� lv d udqgrp yduldeoh/ _` E|�

�
lv qrw1

Khqfh/ lq fdofxodwlqj Wd|oru h{sdqvlrqv ri ixqfwlrqv ri _` E|�/ wkh vhfrqg rughu
whup lv ri rughu _| dqg pxvw eh uhwdlqhg +vhh ehorz,1 Wklv xqh{shfwhg uhvxow lv
wkh irxqgdwlrq ri d qhz fdofxoxv zlwk uhvshfw wr ` E|�/ vwrfkdvwlf ru Lw÷ fdofxoxv1

516 Gl�xvlrqv dqg Lw÷*v Ohppd

D vwrfkdvwlf gl�huhqwldo htxdwlrq +VGH, ru gl�xvlrq=

_fE|� ' > � EfE|�c |� _| n j � EfE|�c |� _` E|�c +9,

zlwk lqlwldo frqglwlrq f Ef� ' f 
 / lv d zd| wr prgho d vwrfkdvwlf surfhvv lq d
frqwlqxrxv0wlph iudphzrun xvlqj d vwdqgdug Zlhqhu surfhvv1 Wkh vroxwlrq wr wkh
VGH +S, lv riwhq uhihuuhg wr dv dq Lw÷ surfhvv1 Htxdwlrq +S, dozd|v kdv d vwurqj
vroxwlrq fE|� li vrph uhjxodulw| frqglwlrqv duh ixo�oohg zlwk uhvshfw wr > � EfE|�c |�
dqg j � EfE|�c |� +vhh Gx!h +2ff�,/ dsshqgl{ H,1 Wkh vr0fdoohg �jurzwk� frqgl0
wlrqv pdnh vxuh wkdw wkh vroxwlrq grhv qrw h{sorgh/ zkloh wkh vr0fdoohg �Olsvfklw}�
frqglwlrqv pdnh vxuh wkdw wkh vroxwlrq lv xqltxh1 D VGH fdq eh xqghuvwrrg dv
dq ruglqdu| +ru ghwhuplqlvwlf, gl�huhqwldo htxdwlrq +RGH, wkdw jhwv shuwxuehg e|
wkh duulydo ri qhz lqirupdwlrq/ prghohg dv d vwdqgdug Zlhqhu surfhvv1 Lqwxlwlyho|/
htxdwlrq +S, lpsolhv wkdw=

. d{fE|�o ' . dfE| n{|� � fE|�o � > � EfE|�c |�{|c

T @o d{fE|�o ' T @o dfE| n{|� � fE|�o � j � EfE|�c |�
�
{|c

+:,

vxfk wkdw wkh vwdqgdug ghyldwlrq ri wkh fkdqjh lq fE|�/ fE| n {|� � fE|�/ lv
dssur{lpdwho| j � EfE|�c |�

s
{|1 Wkh guliw ixqfwlrq > � EfE|�c |� dffrxqwv iru wkh

hyroxwlrq ri wkh phdq lq wkh glvfuhwh0wlph lqwhuydo {| : f/ zkhuhdv wkh yrodwlolw|
ixqfwlrq j � EfE|�c |� dffrxqwv iru wkh hyroxwlrq ri wkh vwdqgdug ghyldwlrq1

Dsso|lqj wkh wudglwlrqdo RGH dssurdfk wr wkh vroxwlrq ri d VGH zloo idlo vlqfh
d Eurzqldq prwlrq fdq eh vkrzq wr eh qrzkhuh gl�huhqwldeoh1 Wkh vwrfkdvwlf
lqwhjudo htxdwlrq +VLH, uhsuhvhqwdwlrq ri wkh VGH lq +S, lv=

fE|� ' f 
 n
�

]



> � EfEr�c r� _r n

�
]



j � EfEr�c r� _` Er�c +;,
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zkhuh wkh �uvw lqwhjudo ryhu wlph lq htxdwlrq +H, lv d wudglwlrqdo lqwhjudo lq wkh
Vwlhowmhv vhqvh/ zkloh wkh vhfrqg/ lqwhjudwlqj ryhu Eurzqldq prwlrq/ lv d vr0fdoohg
vwrfkdvwlf ru Lw÷ lqwhjudo1 Wkh pdlq frqwulexwlrq ri Lw÷ +�bD�, wr wkh wkhru| ri
vwrfkdvwlf surfhvvhv olhv lq wkh gh�qlwlrq ri dq lqwhjudo zkhq wkh lqwhjudwru lv d
Eurzqldq prwlrq1 Wkh uhvxowv ri wklv Mdsdqhvh uhvhdufkhu kdyh suryhq wr eh ri vxfk
lpsruwdqfh wkdw wkh vwrfkdvwlf fdofxoxv lv riwhq vlpso| uhihuuhg wr dv Lw÷ fdofxoxv1

Wkh prvw xvhixo uhvxow ri Lw÷ fdofxoxv lv Lw÷*v ohppd/ zklfk lv d vwrfkdvwlf
yhuvlrq ri wkh fkdlq uxoh lq ruglqdu| fdofxoxv1 Lq hvvhqfh/ Lw÷*v ohppd lpsolhv wkdw
dq| wzlfh gl�huhqwldeoh ixqfwlrq 8 E�� ri dq Lw÷ surfhvv fE|� lv lwvhoi dq Lw÷ surfhvv1
Wkh ohppd iroorzv iurp dsso|lqj d Wd|oru vhulhv h{sdqvlrq wr wkh ixqfwlrq 8 E��=

8 EfE|� n _fE|�c | n _|� ' 8 Ef E|� c |� n
�

�-

Y8

Y|
_| n

�

2-

Y
�
8

Y|
� E_|�

�
n ��� +<,

n
�

�-

Y8

Yf
_fE|� n

�

2-

Y
�
8

Yf
� E_fE|��

�
n

�

�-

Y
 
8

Yf
 E_fE|��

 
n ���c

dqg wkhq lqyrnlqj wkh pxowlsolfdwlrq uxohv lq +D,1 Zh �qdoo| jhw wkh iroorzlqj
htxdwlrq=

_8 EfE|�c |� '
Y8

Y|
_| n

Y8

Yf
_fE|� n

�

2

Y
�
8

Yf
� E_fE|��

�
� +43,

Wkh odvw whup lq +�f, gursv dzd| lq Qhzwrqldq fdofxoxv/ |lhoglqj wkh idploldu fkdlq
uxoh uhvxow/ vlqfh dq| ghwhuplqlvwlf gl�huhqwldo lq ruglqdu| fdofxoxv lv frqvlghuhg
wr kdyh d olplw ri }hur li udlvhg wr d srzhu juhdwhu wkdq �1 Lq vwrfkdvwlf fdofx0
oxv/ E_fE|��

�
grhv qrw ydqlvk gxh wr wkh �qlwhqhvv ri wkh txdgudwlf yduldwlrq ri

vwdqgdug Eurzqldq prwlrq +pxowlsolfdwlrq uxoh � lq +D,,/ hyhq wkrxjk kljkhu rughu
whupv vwloo ydqlvk1 Vxevwlwxwlqj wkh VGH +S, lq +�f, dqg djdlq lqyrnlqj wkh pxowl0
solfdwlrq uxohv lq +D,/ zh vhh wkdw _8 EfE|�c |� kdv guliw Y8*Y|n > � E�� EY8*Yf� n
�*2j � E��

�
EY

�
8*Yf

�
� dqg yrodwlolw| j � E�� EY8*Yf�/ ru=

_fE|� ' > � E�� _| n j � E�� _` E|�c

_8 EfE|�c |� '

#

Y8

Y|
n > � E�� Y8

Yf
n

�

2
j � E��

� Y
�
8

Yf
�

$

_| n

#

j � E�� Y8

Yf

$

_` E|��

+44,
Wkh deryh dssolfdwlrq ri Lw÷*v ohppd h{suhvvhv wkh yrodwlolw| dqg wkh guliw ri wkh
ixqfwlrq ri d vwrfkdvwlf surfhvv lq whupv ri wkh yrodwlolw| dqg guliw ri wkh surfhvv
lwvhoi dqg wkh ghulydwlyhv ri wkh ixqfwlrq1 Wklv lv wkh vlpsohvw yhuvlrq ri Lw÷*v
ohppd1 Lw fdq eh h{whqghg e| dvvxplqj wkdw wkh ixqfwlrq 8 E�� lv d ixqfwlrq ri d
g � � yhfwru fE|� dqg |/ 8 EfE|�c |�1 Fruuhvsrqglqjo|/ lq htxdwlrq +��,/ _fE|�/
> � E��/ dqg _` E|� duh g�� yhfwruv/ dqg j � E�� lv d g�g pdwul{1 Wkh pxowlyduldwh
yhuvlrq ri Lw÷*v ohppd fdq eh zulwwhq dv=

_8 EfE|�c |� '

#

Y8

Y|
n > � E��

! Y8

Yf
n

�

2
|o

%

j � E��j � E��
! Y

�
8

YfYf
!
&$

_|

n

#

Y8

Yf

!
j � E��

$

_` E|�c
+45,
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zkhuh |o d�o vwdqgv iru wkh wudfh ri wkh pdwul{ ehwzhhq vtxduhg eudfnhwv1

517 Prgholqj Lqwhuhvw Udwh G|qdplfv dqg Lqwhuhvw Udwh

Ghulydwlyh Sulflqj

Wkh whup vwuxfwxuh prgholqj olwhudwxuh exlogv xsrq wkh lqvljkwv
"
ri ghulydwlyh

sulflqj/ dv slrqhhuhg e| Eodfn dqg Vfkrohv +�b.�,1 Krzhyhu/ lw kdv hyroyhg odujho|
lqghshqghqwo| iurp wkh pdlqvwuhdp ghulydwlyh sulflqj olwhudwxuh/ gxh wr vrph frp0
soh{lwlhv wkdw mxvwli| d vhsdudwh wuhdwphqw1 Iluvw/ xqolnh vwrfnv wkdw duh lq sulqflsoh
lq�qlwho| olyhg/ wkh pdunhw ydoxh ri d ]FE frqyhujhv wr lwv nqrzq idfh ydoxh dw wkh
�{hg gdwh ri pdwxulw| +uhihuuhg wr dv wkh sxoo0wr0sdu h�hfw,1 Ixuwkhupruh/ wkh sulfh
yrodwlolw| kdv wr gurs wr }hur dw pdwxulw|/ zkloh Eodfn dqg Vfkrohv +�b.�, pdnh wkh
vlpsohu dvvxpswlrq wkdw wkh vwrfn yrodwlolw| lv frqvwdqw1 Vhfrqg/ dowkrxjk frqwlq0
xrxv sruwirolr uhedodqflqj dqg/ fruuhvsrqglqjo|/ frqwlqxrxv wudglqj lv nh| wr vhw
xs d uhsolfdwlqj sruwirolr wr r�vhw wkh ulvn lqyroyhg lq erwk vwudqgv ri olwhudwxuh/
zh vlpso| fdqqrw jr lq wkh pdunhw dqg ex| wkh xqghuo|lqj lqwhuhvw udwh1 Xqolnh
d vwrfn/ dq lqwhuhvw udwh lv qrw dq dvvhw wkdw fdq eh wudghg +wkrxjk d ]FE lv,/
dqg khqfh wkh w|slfdo g|qdplf uhsolfdwlqj vwudwhj| lv qrw vwudljkwiruzdug dqg zloo
uhtxluh dq dgglwlrqdo dvvxpswlrq +vhh ehorz,1 Wklug/ lw zrxog eh lqfrqvlvwhqw wr
dvvxph wkdw erqg sulfhv reh| udqgrp g|qdplfv zkloh wkh vkruw whup lqwhuhvw udwhv
duh dvvxphg wr eh frqvwdqw1 Wkh vdph dvvxpswlrq lv ohvv wurxeohvrph lq wkh vwrfn
ghulydwlyh sulflqj olwhudwxuh/ vlqfh vwrfn sulfh yrodwlolw| w|slfdoo| h{fhhgv lqwhuhvw
udwh yrodwlolw| lq d vxevwdqwldo zd|1 Irxuwk/ wkh wuxh xqghuo|lqj ri d ]FE lv qrw dq
lqwhuhvw udwh ri d sduwlfxodu pdwxulw|/ exw udwkhu d zkroh udqjh ri lqwhuhvw udwhv ri
gl�huhqw pdwxulwlhv1

#
Zh fdqqrw olplw rxuvhoyhv wr prgholqj d xqltxh xqghuo|lqj

]FE ru |lhog/ zh qhhg wr prgho wkh ixwxuh hyroxwlrq ri wkh hqwluh whup vwuxfwxuh
ri ]FEv1 Wkh odwwhu ihdwxuh lv wkh nh| glvwlqjxlvklqj ihdwxuh ri whup vwuxfwxuh
prghov1

Wkh slrqhhuv ri wkh whup vwuxfwxuh sdqho gdwd dssurdfk duh Ydvlfhn +�b.., dqg
Fr{ hw do1 +�bHD@,1 Wkh| frsh zlwk wkh deryh frpsoh{lwlhv e| prgholqj lqwhuhvw
udwh g|qdplfv/ lqvwhdg ri erqg sulfh g|qdplfv1 Lq wkdw zd|/ erqg sulfhv qdwxudoo|

$
Wkh pdlq lqvljkw ri Eodfn dqg Vfkrohv +4<:6, pd| eh vxppdul}hg dv iroorzv1 Li zh dvvxph

wkdw wkh vwrfn sulfh iroorzv d vshfl�f udqgrp surfhvv dqg wkdw wkh vkruw0whup lqwhuhvw udwh lv
frqvwdqw/ wkhq zh fdq dozd|v vhw xs d sruwirolr ri vwrfnv dqg vkruw0whup erqgv wkdw uhsolfdwhv
wkh sd|r�v ri d Hxurshdq rswlrq1 Wkhuhiruh/ dvvxplqj dzd| duelwudjh rssruwxqlwlhv/ wkh sulfh
ri wkh Hxurshdq rswlrq pxvw htxdo wkh nqrzq sulfh ri wkh uhsolfdwlqj sruwirolr +�Li lw orrnv olnh
d gxfn/ zdonv olnh d gxfn/ dqg txdnv olnh d gxfn/ wkhq lw pxvw eh d gxfn�,1%

Dq h{dpsoh fodul�hv wkh dujxphqw1 Li zh duh wr ydoxh d 40|hdu Dphulfdq rswlrq rq d 80|hdu
]FE/ wkhq zh gr qrw rqo| qhhg wr prgho wkh 80|hdu ]FE/ vlqfh lq rqh |hdu wlph wkh 80|hdu ]FE
zloo kdyh ehfrph d 70|hdu ]FE1 Pruhryhu/ lw lv lpsruwdqw wr prgho erwk wkh 80 dqg 70|hdu ]FE
lq d frqvlvwhqw zd|/ l1h1 vxfk wkdw wkh| gr qrw shuplw duelwudjh rssruwxqlwlhv1 Wklv wudqvodwhv
lqwr wzr w|shv ri qr0duelwudjh frqglwlrqv= +l, hdfk ]FE kdv wr eh sulfhg fruuhfwo| zlwk uhvshfw
wr lwv ixwxuh ]FE sulfh hyroxwlrq dqg +ll, wkh sulfhv dfurvv erqgv ri gl�huhqw pdwxulwlhv dw hdfk
vshfl�f srlqw lq wlph vkrxog qrw lpso| duelwudjh rssruwxqlwlhv1

;



frqyhujh wr sdu/ erqg sulfh yrodwlolwlhv gurs wr }hur dw pdwxulw|/ dqg wkh lqwhuhvw
udwh lv qr orqjhu dvvxphg wr eh frqvwdqw1 Exw zklfk lqwhuhvw udwh vkrxog zh
prghoB Lq wkh qh{w vhfwlrq/ lw lv vkrzq wkdw ]FE sulfhv fdq eh h{suhvvhg lq wrwdo
jhqhudolw| dv d sduwlfxodu frqglwlrqdo h{shfwdwlrq ri wkh idfh ydoxh dw pdwxulw|/
glvfrxqwhg zlwk ixwxuh vkruw udwhv/ devhqw duelwudjh rssruwxqlwlhv1 Ghqrwh e| �E|�
wkh ydoxh dw wlph | ri d edqn ghsrvlw ru prqh| pdunhw dffrxqw1 Dvvxph wkdw wkh
lqvwdqwdqhrxv uhwxuq iurp wklv edqn ghsrvlw/ h{suhvvhg lq jhqhudo dv _�E|�*�E|� '
> & E|�_| n j & E|�_` E|�/ lv wlph0ydu|lqj exw frpsohwho| ghwhuplqlvwlf=

_�E|�

�E|�
' oE|�_|� +46,

Lqwhjudwlqj htxdwlrq +��, dqg wkhq wdnlqj wkh h{srqhqw ohdgv wr wkh iroorzlqj
h{suhvvlrq iru �E|�=

�E|� ' � Ef� i T
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Zh odeho wkh h{shfwhg uhwxuq ri wkh edqn ghsrvlw/ > & E|� ' oE|�/ dv wkh vkruw
udwh1 Wklv edqn dffrxqw fdq eh frqvlghuhg wr eh d ulvn iuhh dvvhw/ jlyhq wkdw wkh
yrodwlolw| ri lwv uhwxuq lv }hur/ j & E|� ' f1 Iru wklv uhdvrq/ wkh vkruw udwh oE|� lv
dovr uhihuuhg wr dv wkh ulvn iuhh lqwhuhvw udwh1 Ohw | ghqrwh wkh suhvhqw wlph/ dqg A
wkh wlph ri pdwxulw| ri d ]FE zlwk sulfh � E|c A � dqg frqwlqxrxvo| frpsrxqghg
|lhog +E|c A � � � *?� E|c A �*EA � |�1 Wkh wlph wr pdwxulw| ri wklv ]FE lv � / zkhuh
� � A � |1 Iru prgholqj sxusrvhv/ lw lv frqyhqlhqw wr dvvxph wkdw dw hdfk gdwh
| ]FEv ri doo pdwxulwlhv � h{lvw1 Lq sduwlfxodu/ zh dvvxph wkdw dw hdfk gdwh |
wkhuh h{lvwv d erqg wkdw pdwxuhv wkh qh{w lqvwdqw1 Iru wklv uhdvrq/ wkh |lhog rq
wkdw sduwlfxodu ]FE wkdw pdwxuhv wkh qh{w lqvwdqw/ oE|�/ lv dovr uhihuuhg wr dv wkh
lqvwdqwdqhrxv lqwhuhvw udwh1 Qhhgohvv wr vd|/ wkh vkruw udwh oE|� lv d wkhruhwlfdo
frqvwuxfw dqg lv qrw revhuyhg lq uhdolw|1 Qhyhuwkhohvv/ zh zloo xvh lw dv wkh edvlv ri
rxu whup vwuxfwxuh prghov1 Wkh slrqhhuv ri whup vwuxfwxuh prgholqj dujxhg wkdw
wkh vkruw udwh lv d qdwxudo vwdwh yduldeoh/ l1h1 d yduldeoh ghvfulelqj wkh vwdwh ri wkh
hfrqrp|/ lq erwk whup vwuxfwxuh prghov dqg ixoo0 hgjhg pdfurhfrqrplf prghov1

Vkruw udwh g|qdplfv duh prvw riwhq prghohg dv d wlph0krprjhqhrxv gl�xvlrq=

_oE|� ' > ' EoE|�� _| n j ' EoE|�� _` E|�� +48,

Vrph uhvhdufkhuv txhvwlrq wkh sodxvlelolw| ri wkh gl�xvlrq dvvxpswlrq iru lqwhuhvw
udwh g|qdplfv1 Iluvw/ wkh| fdvw grxew rq wkh uhdvrqdeohqhvv ri wkh Pdunryldq
dvvxpswlrq1 Ixuwkhupruh/ li wkh surfhvv fdq eh dvvxphg wr eh Pdunryldq/ wkh
txhvwlrq uhpdlqv zkhwkhu ru qrw lw fdq eh lghqwl�hg dv d gl�xvlrq +zklfk lv pruh
uhvwulfwlyh vlqfh d gl�xvlrq uhtxluhv frqwlqxlw|,1 Duh wkh glvfrqwlqxlwlhv revhuyhg lq
wkh glvfuhwh gdwd wkh uhvxow ri wkh glvfuhwhqhvv ri wkh vdpsolqj/ ru udwkhu hylghqfh
ri jhqxlqh qrq0gl�xvlrq g|qdplfv ri wkh frqwlqxrxv0wlph lqwhuhvw udwh surfhvv/
olnh wkh wdujhw udwh fkdqjhv dw XV Ihghudo Rshq Pdunhw Frpplvvlrq phhwlqjvB

<



Wkhvh duh qrqwulyldo uhvhdufk txhvwlrqv1 E| qdwxuh/ hyhq li vdpsoh sdwkv zhuh
frqwlqxrxv/ wkh glvfuhwho| vdpsohg lqwhuhvw udwh gdwd zloo dsshdu dv d vhtxhqfh ri
glvfuhwh fkdqjhv1 Sdshuv wkdw glvfxvv wklv whfkqlfdo lvvxh duh Dòw0Vdkdold +2ff2,
dqg Ehuwvlpdv hw do1 +2fff,1 Vhfrqg/ gr zh dvvxph gl�xvlrq g|qdplfv ru gr zh
doorz iru glvfrqwlqxlwlhv ru mxpsvB Uhfhqwo|/ prghov dqg hvwlpdwlrq whfkqltxhv
kdyh dsshduhg wkdw duh edvhg rq mxpsv ru srlqw surfhvvhv +Gdv +2fff/ 2ff2, dqg
Sld}}hvl +2ff�,,1

Prgholqj wkh vkruw udwh g|qdplfv dv lq +�D, doorzv xv wr wdnh lqwr dffrxqw
vrph ri wkh vdolhqw ihdwxuhv ri revhuyhg lqwhuhvw udwh g|qdplfv1 Iluvw/ wkh Eurzqldq
prwlrq gulylqj surfhvv _` E|� dffrxqwv iru wkh udqgrpqhvv ri lqwhuhvw udwh fkdqjhv1
Vhfrqg/ Fr{ hw do1 +�bHD@, sursrvh d surshuo| vfdohg yhuvlrq ri wkh Eurzqldq

prwlrq wr dffrxqw iru wkh khwhurvnhgdvwlflw| ri lqwhuhvw udwhv= j ' EoE|�� ' j
t

oE|�1
Wkh �qdqfh olwhudwxuh lv xqlirup lq lwv ylhz wkdw lqwhuhvw udwh yrodwlolw| lv lqfuhdvlqj
lq lqwhuhvw udwh ohyhov/ wkrxjk wkhuh lv vrph glvdjuhhphqw derxw wkh udwh ri lqfuhdvh
+vhh h1j1 Dòw0Vdkdold +�bbS@/ �bbSK,/ Fkdq hw do1 +�bb2,/ Fkdspdq dqg Shduvrq
+2fff,,1 D qrqsdudphwulf vwxg| ri Erxgrxnk hw do1 +�bbH, �qgv wkdw wkh yrodwlolw|
lv lqfuhdvlqj lq wkh ohyho ri lqwhuhvw udwhv sulpdulo| iru vkduso| xszdug vorslqj
whup vwuxfwxuhv1 Wkh| wkhq dujxh wkdw wkh �qglqj ri khwhurvnhgdvwlflw| pljkw eh
gxh wr wkh srvlwlyho| vorshg dyhudjh whup vwuxfwxuh/ dqg lv qrw d jhqhudo uhvxow
shu vh1 Wklug/ lqwhuhvw udwhv duh pruh phdq0uhyhuwlqj wkdq d udqgrp zdon zrxog
vxjjhvw1 Wkh VGH lq +�D, dovr doorzv wr lqwurgxfh phdq uhyhuvlrq wr wkh vkruw udwh
g|qdplfv/ > ' EoE|�� ' V Ew � oE|��1 Lq wklv zd|/ lqwhuhvw udwhv duh sxoohg hodvwlfdoo|
wrzdugv d fhuwdlq +srvvleo| wlph0ydu|lqj, ohyho1 Erwk iurp wlph vhulhv sorwv dqg
lqwurvshfwlrq/ lw pd| vhhp reylrxv wkdw lqwhuhvw udwhv pxvw phdq uhyhuw wr vrph
orqj0uxq dyhudjh ydoxh1 Wkh dowhuqdwlyh lv wkdw wkh yduldqfh ri wkh vkruw udwh
lqfuhdvhv zlwkrxw erxqg dv zh orrn ixuwkhu lqwr wkh ixwxuh1 Wkh kdoylqj0wlph/ l1h1
wkh wlph lw wdnhv wr phdq uhyhuw wr kdoi ri wkh fxuuhqw ghyldwlrq iurp w/ fdq eh
irxqg e| frpsxwlqj wkh frqglwlrqdo phdq ri wkh vkruw udwh=

. � doEr�o ' w n EoE|� � w� e ( )+* � ( ��, c +49,

dqg e| lpsrvlqj wkdw dw wkh ixwxuh wlph r wkh ghyldwlrq lv rqo| kdoi ri wkh fxuuhqw
ghyldwlrq/ . � doEr�o� w � �*2 EoE|� � w�1 Vxevwlwxwlqj wkh odwwhu lq +�S, ohdgv wr dq
h{suhvvlrq iru wkh kdoylqj wlph r � |=

�@,��?} |�6e ' r � | '
*? 2

V
� +4:,

Irxuwk/ e| uhvwulfwlqj wkh sdudphwhu vsdfh +vhh iru h{dpsoh wkh Ihoohu frqglwlrq lq
Fr{ hw do1 +�bHD@,, zh fdq uxoh rxw qhjdwlyh qrplqdo lqwhuhvw udwhv/ zklfk zrxog
eh dq reylrxv duelwudjh srvvlelolw|1 -

.
Wudqvdfwlrq frvwv pljkw rffdvlrqdoo| lpshgh qhjdwlyh qrplqdo lqwhuhvw udwhv wr ohdg wr duel0

wudjh rssruwxqlwlhv1 Iru h{dpsoh/ lq Qryhpehu 4<<;/ lqwhuhvw udwhv rq Mdsdqhvh Wuhdvxu| Eloov
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Jlyhq wkdw zh prgho wkh vkruw udwh lq +�D, dv d Pdunry surfhvv/ doo wkdw lv
nqrzq derxw ixwxuh lqwhuhvw udwhv lv lpsrxqghg lq wkh fxuuhqw vkruw udwh1 Khqfh
wkh ydoxh ri d ]FE ri dq| pdwxulw| pd| eh zulwwhq dv d ixqfwlrq ri wklv lqvwdq0
wdqhrxv vkruw udwh dqg wlph/ � E|c A � ' � E|c Ac oE|��1 Lq wklv vhqvh/ ]FEv duh
ghulydwlyh vhfxulwlhv/ l1h1 vhfxulwlhv ghulylqj wkhlu ydoxh iurp wkh xqghuo|lqj vkruw
udwh g|qdplfv1 Dv wkh vkruw udwh lv dvvxphg wr iroorz d gl�xvlrq g|qdplfv/ Lw÷*v
ohppd lpsolhv wkdw ]FE sulfhv iroorz gl�xvlrq g|qdplfv dv zhoo1 Uxqqlqj dkhdg
ri wklqjv/ dq duelwudjh uhdvrqlqj zloo wkhq doorz xv wr ghulyh wkh ]FE sulfhv dv wkh
vroxwlrq wr d sduderolf sduwldo gl�huhqwldo htxdwlrq/ vxemhfw wr d wlph0ri0pdwxulw|
erxqgdu| frqglwlrq +vhh vhfwlrq e��,1

6 Devhqfh ri Duelwudjh dqg Lwv Lpsolfdwlrqv

Dq duelwudjh rssruwxqlw| lv dq| }hur0qhw0lqyhvwphqw vwudwhj| wkdw jxdudqwhhv d
srvlwlyh sd|r� lq vrph ixwxuh vwdwh ri wkh zruog zlwk qr srvvlelolw| ri d qhjdwlyh
sd|r� lq doo rwkhu ixwxuh vwdwhv ri wkh zruog1 Dvvxplqj wkh devhqfh ri duelwudjh
rssruwxqlwlhv zlwklq d sduwlfxodu pdunhw zloo wxuq rxw wr eh wkh ixqgdphqwdo xq0
ghuo|lqj frqfhsw wkdw shuphdwhv wklv sdshu1 Wkh edvlf xqghuo|lqj dvvxpswlrqv ri
devhqfh ri duelwudjh duh lqglylgxdo udwlrqdolw| dqg lqglylgxdov dozd|v suhihuulqj
pruh wr ohvv +lqvdwldelolw| dvvxpswlrq,1 Dqrwkhu pruh frqwhvwdeoh

�0/
xqghuo|lqj dv0

vxpswlrq lv wkh devhqfh ri wudqvdfwlrq dqg wudglqj frvwv/ wd{hv dqg pdunhw iulfwlrqv
lq jhqhudo1

Wkh odz ri rqh sulfh dvvhuwv wkdw wzr shuihfw vxevwlwxwhv pxvw wudgh dw wkh
vdph sulfh1 Li wkh odz zrxog qrw krog dqg wzr shuihfw vxevwlwxwhv zrxog wudgh
dw gl�huhqw sulfhv/ rqh frxog vhoo wkh h{shqvlyh dvvhw iruzdug dqg ex| wkh fkhds
rqh/ wr hqg xs zlwk dq duelwudjh rssruwxqlw|1 Vr wkh odz ri rqh sulfh fohduo| lv d
gluhfw frqvhtxhqfh ri dvvxplqj dzd| duelwudjh rssruwxqlwlhv1 Krzhyhu/ lw lv qrw
htxlydohqw wr wkh devhqfh ri duelwudjh dvvxpswlrq1 Lw lv pruh uhvwulfwlyh ehfdxvh lw
ghdov rqo| zlwk wkh fdvh lq zklfk wzr dvvhwv duh lghqwlfdo exw kdyh gl�huhqw sulfhv1
Lw grhv qrw fryhu fdvhv lq zklfk rqh dvvhw/ vd|/ vwrfkdvwlfdoo| grplqdwhv dqrwkhu
exw pd| gr vr e| gl�huhqw dprxqwv lq gl�huhqw ixwxuh vwdwhv ri wkh zruog1

Lq wklv vhfwlrq/ zh glvfxvv wkh prvw lpsruwdqw lpsolfdwlrqv ri wkh devhqfh ri
duelwudjh1 Kduulvrq dqg Nuhsv +�b.b, dqg Kduulvrq dqg Solvnd +�bH�, irupdoo| vwdwh
dqg suryh wkdw dvvxplqj dzd| duelwudjh rssruwxqlwlhv zlwklq d sduwlfxodu pdunhw
lv htxlydohqw wr wkh h{lvwhqfh ri d vr0fdoohg sulflqj nhuqho ru sulfh jhqhudwru1 Wkh|

ehfdph qhjdwlyh |lhoglqj dq lqwhuhvw udwh ri �3=337(1 Odujh lqyhvwruv irxqg lw pruh frqyh0
qlhqw wr krog wkhvh 9p W0Eloov dv d vwruh ri ydoxh udwkhu wkdq kroglqj fdvk ehfdxvh wkh Eloov duh
ghqrplqdwhg lq odujhu dprxqwv dqg fdq eh vwruhg hohfwurqlfdoo|1 Vhh Plvknlq +5334, rq wklv1��1

Wkh suhvhqfh ri wudqvdfwlrq frvwv lv lpsruwdqw dqg zhdnhqv wkh lpsolfdwlrqv ri devhqfh ri
duelwudjh e| gulylqj d zhgjh ehwzhhq zkdw wkh sxuh devhqfh ri duelwudjh zrxog suhglfw dqg zkdw
dfwxdoo| rffxuv1 Iru h{dpsoh/ Revwihog dqg Urjr� +5333, dujxh wkdw/ dvvxplqj wkdw wudqvdfwlrq
frvwv h{lvw/ �rqh fdq jr idu wrzdug h{sodlqlqj d juhdw qxpehu ri wkh pdlq wkhruhwlfdo sx}}ohv
wkdw lqwhuqdwlrqdo pdfurhfrqrplvwv kdyh vwuxjjohg zlwk ryhu 58 |hduv�1
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dovr suryh wkdw devhqfh ri duelwudjh lv htxlydohqw wr wkh h{lvwhqfh ri d vr0fdoohg ulvn
qhxwudo suredelolw| phdvxuh1 Wkhvh pdwkhpdwlfdo htxlydohqwv duh mrlqwo| uhihuuhg
wr dv wkh �Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj�1 Lq Dsshqgl{ D/ lw lv vkrzq
wkdw wkh sulflqj nhuqhov ri wzr glvwlqfw pdunhwv frpsohwho| ghwhuplqh wkh h{fkdqjh
udwh g|qdplfv ehwzhhq wkh wzr fruuhvsrqglqj fxuuhqflhv1

614 Sulflqj Nhuqho G|qdplfv

Zkhqhyhu dq hfrqrplf hqylurqphqw suhfoxghv duelwudjh/ wkhuh h{lvwv d srvlwlyh
vwrfkdvwlf surfhvv ru sulflqj nhuqho/ �E|�/ vxfk wkdw wkh surgxfw ri dq| +pdunhwhg
ru qrq0pdunhwhg, vhfxulw| sulfh/ T E|�/ zlwk wklv sulflqj nhuqho lv d S0pduwlqjdoh
+Kduulvrq dqg Nuhsv +�b.b, dqg Kduulvrq dqg Solvnd +�bH�,,=

�E|�T E|� ' .
�
� d�EA �T EA �o � +4;,

Zh fdq uhzulwh wklv dv=

T E|� ' .
�
�

%

�EA �

�E|�
T EA �

&

� +4<,

Wklv edvlf dvvhw sulflqj irupxod kdv wkh lqwhusuhwdwlrq ri dq h{shfwhg ydoxh xqghu
wkh klvwrulfdo +ru sk|vlfdo/ remhfwlyh/ dqg gdwd jhqhudwlqj, suredelolw| phdvxuh S ri
d glvfrxqwhg sd|r�/ zkhuh wkh glvfrxqwlqj lv vxemhfw wr xqfhuwdlqw| ru udqgrpqhvv1
Wkh udwlr �EA �*�E|� lv fdoohg dffruglqjo| wkh vwrfkdvwlf glvfrxqw idfwru +VGI,
dqg lv lghqwlfdo dfurvv dvvhwv1 Lq dq h{fkdqjh hfrqrp|/ wkh VGI fdq eh lqwhusuhwhg
dv wkh uhsuhvhqwdwlyh djhqw*v qrplqdo/ lqwhuwhpsrudo/ pdujlqdo udwh ri vxevwlwxwlrq
+vhh Gx!h +2ff�, ru Frfkudqh +2ff�,,1 Wkh sulflqj nhuqho dqg VGI duh xqltxh lq
fdvh �qdqfldo pdunhwv duh frpsohwh1 D frpsohwh pdunhw lv d pdunhw lq zklfk wkh
vsdfh ri doo sd|r�v lv vsdqqhg e| wudglqj vwudwhjlhv lq wkh dydlodeoh dvvhwv1 Shuihfw
ulvn holplqdwlrq lv srvvleoh lq d frpsohwh pdunhw/ phdqlqj wkdw/ vd|/ rswlrqv fdq
eh duwl�fldoo| fuhdwhg e| d vxlwdeoh ex|2vhoo0vwudwhj| lq wkh xqghuo|lqj dvvhw1 Wklv
jlyhv ulvh wr d xqltxh sulfh iru hdfk ghulydwlyh vhfxulw|/ qdpho| wkh lqlwldo zhdowk
qhhghg wr �qdqfh wkh uhsolfdwlqj sruwirolr1 Wkh lvvxh ri zkhwkhu �{hg lqfrph
vhfxulw| pdunhwv duh frpsohwh ru lqfrpsohwh lv qrw vhwwohg dqg irupv d ixqgdphqwdo
hpslulfdo txhvwlrq +Fdpsehoo +2fff,,1 Rq wkh rqh kdqg/ idfwru dqdo|vlv ri wkh whup
vwuxfwxuh vhhpv wr vxjjhvw wkdw wkuhh ru irxu idfwruv duh dghtxdwh lq ghvfulelqj wkh
yduldwlrq lq erqg uhwxuqv +Olwwhupdq dqg Vfkhlqnpdq +�bHH,/ Nqh} hw do1 +�bbe,,1
Rq wkh rwkhu kdqg/ d qxpehu ri uhfhqw sdshuv surylgh vxssruw iru wkh k|srwkhvlv
wkdw �{hg lqfrph vhfxulw| pdunhwv duh lqfrpsohwh e| grfxphqwlqj vhfxulw|0vshfl�f
ru oltxlglw|0uhodwhg dqrpdolhv lq wkh sulflqj ri �{hg lqfrph vhfxulwlhv +vhh Khlgdul
dqg Zx +2ff�,,1

Li pdunhwv duh lqfrpsohwh/ wkhuh h{lvwv dq lq�qlwh qxpehu ri sulflqj nhuqhov
+VGIv, wkdw jhqhudwhv dvvhw sulfhv1 Pruh vshfl�f/ dq| 	�E|� ' �E|�LE|�/ zkhuh
LE|� lv d pduwlqjdoh ruwkrjrqdo wr erwk �E|� dqg T E|�/ dovr sulfhv T E|�/ vlqfh
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' T E|��

Wkh sulfh dw wlph | ri d ]FE wkdw pdwxuhv dw A / l1h1 � E|c A �/ |lhoglqj � xqlw ri
dffrxqw +ru �ff( ri wkh idfh ydoxh, dw pdwxulw|/ lv d vshfldo fdvh ri wkh jhqhudo
htxdwlrq +�b,=

� E|c A � ' .
�
�

%

�EA �

�E|�
� EAc A �
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&

� +54,

Li zh vwdwh krz �E|� hyroyhv ehwzhhq | dqg A / zh duh deoh wr sulfh dw wlph |
wkh erqg wkdw pdwxuhv dw wlph A 1

�2�
Wkh htxdwlrq pdnhv h{solflw wkdw d prgho

wr sulfh ]FEv frqvlvwv ri d prgho iru wkh sulflqj nhuqho g|qdplfv1 Ixuwkhupruh/
dq| gl�xvlrq lv frpsohwho| ghwhuplqhg e| lwv guliw dqg gl�xvlrq1 E| dsso|lqj
wkh sulflqj nhuqho gh�qlwlrq wr wkh edqn ghsrvlw lq htxdwlrq +�e, dqg wr ]FEv ri
gl�huhqw pdwxulwlhv/ zh fdq vkrz wkdw/ zkhq zh dvvxph lqvwdqwdqhrxv ]FE uhwxuqv
wr iroorz d jhrphwulf Eurzqldq prwlrq

� �
=

_� E|c A �

� E|c A �
' > 3 E|� _| n j 3 E|� _` E|�c +55,

qr0duelwudjh lpsrvhv wkh guliw ri wkh sulflqj nhuqho g|qdplfv wr eh wkh qhjdwlyh
ri wkh vkruw udwh/ l1h1 > 4 E|� ' �oE|�/ dqg wkh gl�xvlrq wr eh wkh qhjdwlyh ri wkh
vr0fdoohg pdunhw sulfh ri ulvn/ l1h1 j 4 E|� ' �bE|�=

_�E|�

�E|�
' �oE|�_| � bE|�_` E|�c +56,

zkhuh bE|� lv gh�qhg dv wkh pdunhw sulfh ri +lqwhuhvw udwh, ulvn dqg vxppdul}hv
wkh uhodwlrq ehwzhhq ulvn dqg h{shfwhg uhwxuq

� �
=

bE|� � > 3 E|� � oE|�

j 3 E|� � +57,

�5�
Lq wklv zd|/ lw lv xqqhfhvvdu| wr dvvxph d uhsuhvhqwdwlyh djhqw surgxfwlrq hfrqrp|1 Wkrxjk

zh wdnh wkh sulflqj nhuqho g|qdplfv dv wkh edvlv iru rxu dqdo|vlv/ wkhvh g|qdplfv duh dozd|v
hpehgghg lq d jhqhudo htxloleulxp prgho dqg wkh suhihuhqfhv dqg surgxfwlrq whfkqrorjlhv pljkw
eh +qrq0wulyldoo|, uhyhuvh0hqjlqhhuhg iurp lw1 Kduulvrq dqg Nuhsv +4<:<, vwdwh wkdw wkhuh h{lvwv
dq htxloleulxp zklfk vxssruwv dq| dgplvvleoh sulflqj nhuqho1 Dv vxfk/ dq| sulflqj nhuqho prgho
fdq eh ghulyhg lq d jhqhudo htxloleulxp iudphzrun1 Ixuwkhupruh/ vlqfh wkh jhqhudo htxloleulxp
uhtxluhv d zlgh ydulhw| ri dvvxpswlrqv derxw lqyhvwru suhihuhqfhv/ surgxfwlrq whfkqrorjlhv/ dqg
exgjhw frqvwudlqwv/ wkhuh pd| eh pxowlsoh htxloleuld zklfk vxssruw d jlyhq suhvshfl�hg sulflqj
nhuqho1�0�

Dv glvfxvvhg deryh/ wr dvvxph wkdw S +w> W , lv d gl�xvlrq/ zh rqo| kdyh wr dvvxph wkdw lwv
xqghuo|lqj lv d gl�xvlrq dqg wkdw S +w> W , lv wzlfh gl�huhqwldeoh lq wkh xqghuo|lqj vxfk wkdw Lw÷*v
Ohppd krogv1 Lqghhg/ d wzlfh gl�huhqwldeoh ixqfwlrq ri d gl�xvlrq lv djdlq d gl�xvlrq1���

Wkh pdunhw sulfh ri lqwhuhvw udwh ulvn uh hfwv erwk wkh sulfh ri uhdo lqwhuhvw udwh ulvn dqg wkh
pdunhw sulfh ri lq dwlrq ulvn1 Dowkrxjk ri uhohydqfh iru erqgkroghuv/ wklv glvvhuwdwlrq zloo qrw
eh frqfhuqhg zlwk wkh uhodwlyh frqwulexwlrq ri erwk frpsrqhqwv1 Olwwoh hpslulfdo zrun kdv ehhq
grqh |hw rq wklv lpsruwdqw glfkrwrp| +iru d uhfhqw dwwhpsw/ vhh Exudvfkl dqg Mlowvry +5335,,1
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Htxdwlrqv +2�,0+2e, fdq eh ghulyhg lqirupdoo| dv iroorzv1 Dvvxph wkh erqg g|0
qdplfv wr reh| +22, dqg zulwh wkh sulflqj nhuqho g|qdplfv lq jhqhudo dv=

_�E|�

�E|�
' > 4 E|�_| n j 4 E|�_` E|�c +58,

zkhuh > 4 E|� dqg j 4 E|� duh xqnqrzq dqg duh wr eh ghulyhg iurp duelwudjh frq0
vlghudwlrqv1 Uhfdoo qrz wkdw �E|�� E|c A � lv d S0pduwlqjdoh surfhvv dqg khqfh=

.
�
� d_ E�E|�� E|c A ��o ' f� +59,

Dsso|lqj Lw÷*v ohppd wr wkh h{suhvvlrq ehwzhhq eudfnhwv lq +2S, |lhogv=

> 3 E|� n > 4 E|� ' �j 4 E|� j 3 E|� � +5:,

Wklv htxdwlrq vkrxog krog iru dq| ]FE lpdjlqdeoh1 Zkhq zh dsso| lw wr wkh deryh
gh�qhg edqn ghsrvlw �E|� +vhh +�e,,/ > 3 E|� ' > & E|� ' oE|� dqg j 3 E|� ' j & E|� ' f/
lw iroorzv wkdw=

> 4 E|� ' �oE|�� +5;,

Qrwh dovr wkdw/ frpelqlqj htxdwlrqv +2., dqg +2H,/ lw iroorzv wkdw wkh lqvwdqwdqhrxv
h{shfwhg uhwxuq ri dq dvvhw lv htxdo wr wkh ulvn iuhh lqwhuhvw udwh zkhq wkh gl�xvlrq
ri wkdw dvvhw htxdov }hur/ ru

� �
=

j 3 E|� ' f , > 3 E|� ' oE|�1 +5<,

Zh fdq dovr ghulyh dq h{suhvvlrq iru wkh sulflqj nhuqho gl�xvlrq j 4 E|�1 Xvlqj wzr
]FEv � dqg �/ gl�hulqj lq wkhlu wlph ri pdwxulw| +A 6 9' A & , zlwk sulfhv � 6 '
� E|c A 6 � dqg � & ' � E|c A & �/ zh fdq dozd|v frqvwuxfw d sruwirolr ri wkh ]FEv �
dqg � zlwk zhljkwv Eqc � � q� wkdw lv ulvn iuhh e| slfnlqj wkh sruwirolr zhljkw q vxfk
wkdw qj 387 E|�nE� � q�j 389 E|� ' f/ ru htxlydohqwo| q ' j 389 E|� * Ej 389 E|� � j 387 E|��1
Uxolqj rxw duelwudjh/ lw iroorzv iurp htxdwlrq +2b, wkdw wkh uhwxuq ri wkh uhvxowlqj
sruwirolr vkrxog eh htxdo wr wkh ulvn iuhh udwh=

q> 3:7 E|� n E� � q�> 389 E|� ' o E|� � +63,

Vxevwlwxwlqj wkh fduhixoo| slfnhg zhljkw q lqwr htxdwlrq +�f, doorzv xv wr uhzulwh
wkh qr0duelwudjh frqglwlrq +�f, dv iroorzv=

> 3:7 E|� � o E|�

j 387 E|� '
> 389 E|� � o E|�

j 3:9 E|� � +64,

���
Qrwh dovr wkdw ulvn qhxwudolw|/ � ; +w, @ 3/ jlyhv ulvh wr dq lqvwdqwdqhrxv ulvn iuhh uhwxuq=

� ; +w, @ 3 , � < +w, @ u+w,=
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Vr zh �qg wkdw lq dq duelwudjh iuhh hfrqrp|/ wkh h{fhvv uhwxuq shu xqlw ri ulvn
vkrxog eh wkh vdph iru doo ]FEv dqg lqghshqghqw ri wkh wlph wr pdwxulw|1 Zh zloo
gh�qh wklv udwlr wkdw iroorzv iurp qr0duelwudjh e| wkh pdunhw sulfh ri ulvn/ bE|�=

bE|� � > 3 E|� � oE|�

j 3 E|� � +65,

Whup vwuxfwxuh prghov vroyh iru doo erqg sulfhv uhodwlyh wr hdfk rwkhu1 Wkh rqo|
zd| wr wlh grzq wkh sulfhv lv e| lqyrnlqj wklv h{rjhqrxv sdudphwhu/ wkh pdunhw
sulfh ri ulvn1 Wkh pdunhw sulfh ri ulvn pd| eh lqwhusuhwhg dv wkh lqvwdqwdqhrxv
Vkdush udwlr iru kroglqj d sduwlfxodu erqg1 Vxevwlwxwlqj +2H, dqg +�2, lqwr +2.,
dqg vroylqj iru j 4 E|� uhvxowv lq=

j 4 E|� ' �bE|�� +66,

Khqfh/ zh kdyh ghulyhg htxdwlrq +2�, +dqg htxdwlrq +2e,,/ qdpho| wkdw wkh guliw ri
wkh sulflqj nhuqho g|qdplfv lv wkh qhjdwlyh ri wkh vkruw udwh/ l1h1 > 4 E|� ' �oE|�/
dqg wkh gl�xvlrq lv wkh qhjdwlyh ri wkh vr0fdoohg pdunhw sulfh ri ulvn0/ l1h1 j 4 E|� '
�bE|�1 Lq vxp/ ]FE sulfhv duh ghwhuplqhg frpsohwho| e| wkh vkruw udwh/ oE|�/ dqg
pdunhw sulfh ri ulvn/ bE|�1

D whup vwuxfwxuh prgho lpsrvhv frqvwudlqwv rq wkh erqg sulfh yrodwlolw|/ j 3 E|�/
dqg wklv frqvwudlqw/ zkhq frxsohg zlwk d vshfl�fdwlrq ri wkh pdunhw sulfh ri ulvn/
bE|�/ kdv lpsolfdwlrqv iru wkh h{shfwhg lqvwdqwdqhrxv h{fhvv uhwxuq ri wkh erqg=

> 3 E|� � oE|� ' b E|� j 3 E|� c
' ��J� E_� E|c A �*� E|c A �c _�E|�*�E|�� �

+67,

Htxdwlrq +�e, whdfkhv xv wkdw ulvn suhpld ruljlqdwh iurp fryduldwlrq zlwk wkh
sulflqj nhuqho1 Zkhq wkh dvvhw uhwxuq g|qdplfv frydulhv qhjdwlyho| zlwk wkh sulflqj
nhuqho g|qdplfv/ wkh ulvn suhplxp lv srvlwlyh/ dqg ylfh yhuvd1 Wkh plqxv vljq lq
+�e, phdqv wkdw lqyhvwruv duh zloolqj wr dffhsw dq h{shfwhg udwh ri uhwxuq ehorz
wkh ulvn iuhh udwh rq vhfxulwlhv zklfk whqg wr kdyh kljk sd|r�v zkhq wkh sulflqj
nhuqho +ru pdujlqdo xwlolw| ri frqvxpswlrq lq d jhqhudo htxloleulxp iudphzrun, lv
kljkhu1 Wklv qhjdwlyh ulvn suhplxp fdq eh frqvlghuhg wr eh dq lqvxudqfh ihh1 Dq
lqyhvwru zloo ghpdqg dqg uhfhlyh d kljkhu frpshqvdwlrq iru dq dvvhw wkdw ehkdyhv
f|folfdoo| wkdq iru dq dvvhw wkdw ehkdyhv frxqwhuf|folfdoo| +olnh lqvxudqfh,/ vlqfh
wkh iruphu kdv kljkhu ulvn +lq whupv ri frqvxpswlrq yduldelolw|,1 Wklv lv d uhvxow
wkdw lv douhdg| ghulyhg lq wkh DSW ri Urvv +�b.S,1 Edvlfdoo|/ wklv uhodwlrq whoov |rx
wkdw dq lqyhvwru h{shfwv wr jhw uhzdughg iru wdnlqj rq ulvn dqg wkdw dq lqyhvwru lv
h{shfwhg wr sd| +d ihh, wr vkliw ulvn dzd|1

�5�
� 	
Lw wxuqv rxw wkdw wkh fdvk  rzv jhqhudwhg e| vwrfnv duh txlwh olnho| wr fkdqjh v|vwhpdwlfdoo|

zkhq wkh vwdwh ri wkh hfrqrp| lv fkdqjlqj1 Glylghqgv dqg fdslwdo jdlqv whqg wr eh kljk lq d
exvlqhvv f|foh h{sdqvlrq1 Frqyhuvho|/ lq d uhfhvvlrq/ wkh| duh uhodwlyho| orz1 Jlyhq wkdw wkh
sulflqj nhuqho pryhv frxqwhuf|folfdoo| zlwk zhdowk/ wkh fdvk  rzv dvvrfldwhg zlwk d vwrfn whqg
wr pryh lq wkh rssrvlwh gluhfwlrq dv wkh sulflqj nhuqho1 Wkh fryduldqfh lq wkh h{suhvvlrq iru wkh
ulvn suhplxp lv qhjdwlyh1 Ulvn dyhuvh lqyhvwruv ghpdqg d kljkhu uhwxuq rq vwrfnv wkdq d ulvn
qhxwudo lqyhvwru zrxog/ vlqfh wkh| duh yhu| vhqvlwlyh wr wkh ulvnv dvvrfldwhg zlwk wkhvh vhfxulwlhv1
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615 Ulvn Qhxwudo Sulflqj

Wkhuh lv dqrwkhu zhoo0hvwdeolvkhg htxlydohqw dssurdfk wr frqgxfw prghuq �qdqfh
uhvhdufk= ulvn qhxwudo sulflqj1 Wkh �Ixqgdphqwdo Wkhruhp ri Ilqdqfh� dovr vwdwhv
wkdw dq| vhfxulw| sulfh/ zkhq vfdohg e| wkh prqh| pdunhw dffrxqw +vhh +��, rq sdjh
b,/ lv d pduwlqjdoh xqghu d vshfl�f/ duwl�fldoo| frqvwuxfwhg suredelolw| phdvxuh T
+iru wklv uhdvrq T lv riwhq uhihuuhg wr dv d pduwlqjdoh suredelolw| phdvxuh,1 Wklv
krogv iru doo dvvhwv dqg wkxv dovr iru d ]FE1 Dffruglqj wr wkh wkhruhp/ � E|c A �*�E|�
lv d T0pduwlqjdoh/ ru=

� E|c A �

�E|�
' .

�
�

%

� EAc A �

�EA �

&

� +68,

Wkh h{lvwhqfh ri T vxfk wkdw wklv uhvxow krogv lv irupdoo| suryhq lq Kduulvrq dqg
Nuhsv +�b.b, dqg Kduulvrq dqg Solvnd +�bH�,1 Wkh suredelolw| phdvxuh T lv xqltxh
lq fdvh pdunhwv duh frpsohwh1 Irupdoo|/ wklv fkdqjh ri suredelolw| ehwzhhq wkh wuxh
dqg ulvn qhxwudo phdvxuh lv gh�qhg e| wkh Udgrq0Qlnrg|p ghulydwlyh ri T zlwk
uhvshfw wr S=

� �

_T
_S � i T

3

C��

2

=
]

�
bEr� > _r �

=
]

�
bEr�_` Er�

4

D � +69,

Zh fdq uhzulwh +�D,/ xvlqj wkh edqn ghsrvlw gh�qlwlrq +�e, dqg wkh idfw wkdw
� EAc A � ' �/ dv=

� E|c A � ' .
�
�

5

7i T

3

C�
=
]

�
oEr�_r

4

D

6

8 c +6:,

zklfk lpsolhv wkdw wkh ]FE sulfh lv wkh h{shfwhg ydoxh xqghu T ri wkh idfh ydoxh
frqwlqxrxvo| glvfrxqwhg edfn lq wlph zlwk wkh ulvn iuhh udwh1 Htxdwlrq +�., h{sodlqv
zk| T lv uhihuuhg wr dv wkh ulvn qhxwudo phdvxuh dqg wkh dssurdfk dv ulvn qhxwudo
sulflqj1 Hyhu| ]FE hduqv d ulvn iuhh uhwxuq xqghu wklv +ulvn qhxwudo, phdvxuh1
Xqghu T lw lv dv li zh duh ydoxlqj wkh vhfxulw| dv d ulvn qhxwudo lqyhvwru1 Doo ri
wkh lqyhvwruv* dwwlwxghv derxw wkh ulvnlqhvv ri ixwxuh glvfrxqw idfwruv +dqg srvvleo|
ixwxuh fdvk  rzv, duh klgghq lq wkh wudqvirupdwlrq iurp S wr T1

Htxdwlrq +�., ghwhuplqhv wkh ]FE sulfh frpsohwho|1 Lw whoov |rx wkdw sulfhv ri
]FEv rqo| ghshqg rq wkh glvwulexwlrq ri wkh vkruw udwh oE|� xqghu T1

� "
Suhylrxvo|/

�0�
Wklv vshfldo surfhvv gT2gS fdq eh suryhq wr eh d pduwlqjdoh surfhvv dqg lw kdv wr vdwlvi|

wkh vr0fdoohg Qrylnry frqglwlrq/ H
k

h{s
�U ?@ �+v, A gv

�l

? 4/ lpso|lqj wkdw wkh yduldwlrq lq �+w,

pxvw eh �qlwh1 Dovr/ iru gT2gS wr h{lvw/ S dqg T vkrxog eh htxlydohqw phdvxuhv1 Lqwxlwlyho|/
zkdw wklv phdqv lv wkdw hyhqwv wkdw fdqqrw rffxu lq wkh �uvw sodfh/ fdq qrw eh pdgh srvvleoh e|
vlpso| fkdqjlqj wkh suredelolw| phdvxuh iurp rqh wr wkh rwkhu1 Olnhzlvh/ hyhqwv wkdw fdq rffxu
lq wkh �uvw sodfh/ fdqqrw eh pdgh lpsrvvleoh e| fkdqjlqj wkh suredelolw| phdvxuh1�0$

Vr/ lq ydoxlqj ]FEv zh gr qrw kdyh wr fduh derxw wkh dfwxdo lqwhuhvw udwh g|qdplfv xqghu S
ru wkh ]FE sulfh guliw xqghu S1 Zh zloo eh frqfhuqhg zlwk S rqo| zkhq wu|lqj wr dffrxqw iru wkh
uhdo zruog g|qdplfv ri wkh lqwhuhvw udwhv1 Wklv phdvxuh S lv riwhq xvhg wr prgho dq xqghuo|lqj
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zh kdyh vhhq wkdw oE|� dqg bE|� duh wkh edvlf lqjuhglhqwv ri wkh sulflqj nhuqho
dssurdfk1 Jlyhq wkh htxlydohqfh ehwzhhq wkh wzr dssurdfkhv/ wkh pdunhw sulfh ri
ulvn bE|� kdv wr ghwhuplqh wkh suredelolw| vkliw iurp S wr T1 Wklv lpsolflw olqn
ehwzhhq wkh pdunhw sulfh ri ulvn bE|� dqg wkh mxps iurp S wr T lv pdgh h{solflw e|
wkh Udgrq0Qlnrg|p ghulydwlyh dqg wkh Jluvdqry0Fdphurq0Pduwlq wkhruhp1 Wkh
odwwhu vkrzv wkdw wkh fkdqjh lq suredelolw| phdvxuh fdq eh frqvlghuhg wr lpso| d
fkdqjh lq wkh guliw +ohdylqj wkh yrodwlolw| xqfkdqjhg, ri wkh Zlhqhu g|qdplfv/ ru=

` B E|� ' ` C E|� �
D

]

E bEr�_rc

_` B E|� ' _` C E|� � bE|�_|c

+6;,

zkhuh lw krogv wkdw . CD
k

_` C E|�
l

' f dqg . BD
k

_` B E|�
l

' f1

Zh kdyh douhdg| hvwdeolvkhg wkdw wkh h{shfwhg uhwxuq ri dq dvvhw +xqghu wkh
gdwd jhqhudwlqj suredelolw| phdvxuh S, htxdov wkh ulvn iuhh udwh soxv dq h{shfwhg
h{fhvv uhwxuq ru ulvn suhplxp +htxdwlrq +�e,,1 Ilqdqfh shrsoh frqvwuxfw dq duwl�0
fldo ulvn qhxwudo suredelolw| phdvxuh T vxfk wkdw |rx jhw ulg ri wklv ulvn suhplxp
+lq h{shfwhg ydoxh,1 Wkh fkdqjh lq phdvxuh lpsolhv d fkdqjh lq guliw1 Wkh ixqgd0
phqwdo wkhruhp vd|v zh fdq dozd|v �qg vxfk d T zkhqhyhu wkhuh duh qr duelwudjh
rssruwxqlwlhv lq wkh hfrqrp|1 Xqghu T/ lw lv dv li zh zhuh d ulvn qhxwudo lqyhvwru
dqg wkh vroxwlrq wr wkh ydoxdwlrq sureohp vlpsol�hv wr d glvfrxqwlqj h{huflvh zkhuh
wkh ulvn iuhh ru vkruw udwh lv xvhg dv wkh glvfrxqw udwh1

Ilqdoo|/ zh fdq qrz vkrz krz Lw÷*v ohppd qdwxudoo| eulqjv xv iurp wkh sulflqj
nhuqho g|qdplfv lq htxdwlrq +2�, wr wkh ulvn0qhxwudo ydoxdwlrq h{suhvvlrq +�.,1
Lqghhg/ jlyhq wkh _�E|�*�E|� g|qdplfv h{suhvvhg lq +2�,/ dq dssolfdwlrq ri Lw÷*v
ohppd wr _ *?�E|� |lhogv=

_ *?�E|� '
�

�oE|� �
FG b

G
E|�

�

_| � bE|�_` E|�� +6<,

Lqwhjudwlqj +�b, iurp | xqwlo A dqg wkhq wdnlqj wkh h{srqhqwldo uhvxowv lq=

�EA �

�E|�
' i T

3

C�
H
]

D oEr�_r �
FG
H
]

D bEr�
G
_r �

H
]

D bEr�_` Er�

4

D � +73,

dvvhw +wkh lqwhuhvw udwh g|qdplfv,/ zkloh wkh phdvxuh T lv xvhg wr sulfh lqwhuhvw udwh ghulydwlyhv
+]FE sulfhv,1 Ri frxuvh/ li zh duh lqwhuhvwhg lq erwk wkh furvv0vhfwlrqdo dqg wlph0vhulhv glphqvlrq
ri whup vwuxfwxuh prghov/ zh zloo qhhg wr vshfli| �+w, dv zhoo1
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Vxevwlwxwlqj wklv irupxod lq wkh ]FE sulflqj htxdwlrq +2�, deryh/ zh jhw=

� E|c A � ' . BD

5

9
9
9
9
9
7

i T

3

C��

2

H
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D bEr�
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D bEr�_` Er�
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D
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:
:
:
:
:
8

�+74,

_T
_S

Wklv h{sodlqv wkh vshfl�fdwlrq ri wkh vshfldo surfhvv iru wkh Udgrq0Qlnrg|p ghuly0
dwlyh lq htxdwlrq +�S,1 Vxevwlwxwlqj +�S, �qdoo| ohdgv wr wkh ulvn qhxwudo T0irupxod=

� E|c A � ' . BD
5

7
_T
_S i T

3

C�
H
]

D oEr�_r

4

D

6

8 +75,

' . CD
5

7i T

3

C�
H
]

D oEr�_r

4

D

6

8 c +76,

zkhuh wkh odvw vwhs lv d frqwlqxrxv vwdwh vsdfh h{whqvlrq ri wkh pruh lqwxlwlyh
glvfuhwh vwdwh vsdfh fkdqjh ri phdvxuh +vhh dsshqgl{ � lq Gx!h +2ff�, iru d
surri,1

7 D Elug*v H|h Ylhz ri Whup Vwuxfwxuh Prghov

Whup vwuxfwxuh prghov derxqg dqg duh w|slfdoo| fdwhjrul}hg rq wkh edvlv ri wkh
qdwxuh ri wkhlu htxloleulxp/ wkh qxpehu ri vwdwh yduldeohv/ dqg wkhlu hpslulfdo
wudfwdelolw|1 Lq wklv vhfwlrq/ zh eulh | vnhwfk wkhvh +srvvleo| ryhuodsslqj, fdwhjr0
ul}dwlrqv1 Rxu pdlq irfxv zloo eh rq wkh vwuhqjwkv dqg zhdnqhvvhv ri wkh hpslulfdoo|
wudfwdeoh fodvv ri whup vwuxfwxuh prghov1

Krzhyhu/ hqfrpsdvvlqj doo wkhvh whup vwuxfwxuh prgho fdwhjrul}dwlrqv lv wkh
fkrlfh iru d frqwlqxrxv wlph ru glvfuhwh wlph iudphzrun1 Lq wkh olwhudwxuh/ frq0
wlqxrxv wlph prghov suhydlo iru d qxpehu ri uhdvrqv1 Iluvw/ wkhrulvwv suhihu wkh
frqwlqxrxv0wlph vhwwlqj iru uhdvrqv ri wudfwdelolw|1 Rqh fdq zrun zlwk gl�huhqwldo
htxdwlrqv/ udwkhu wkdq zlwk gl�huhqfh htxdwlrqv1 Pruhryhu/ Lw÷ fdofxoxv doorzv iru
wkh h{solflw dqg vlpsoh frpsxwdwlrq ri dq| wzlfh gl�huhqwldeoh qrqolqhdu wudqv0
irupdwlrq ri gl�xvlrqv1 Vhfrqg/ gl�xvlrqv duh dwwudfwlyh iru hpslulfdo uhvhdufkhuv
ehfdxvh wkh| duh ixoo| fkdudfwhul}hg e| wkhlu lqvwdqwdqhrxv frqglwlrqdo phdq dqg
yduldqfh1 Ilqdoo|/ wkh frqwlqxrxv wlph vhwwlqj dovr sod|v d frqfhswxdo uroh1 Vlqfh
Eodfn dqg Vfkrohv +�b.�,/ pdq| dvvhw sulflqj dqg sruwirolr fkrlfh prghov kdyh
dvvxphg g|qdplf wudglqj lq frqwlqxrxv wlph1 Wklv dvvxpswlrq riwhq doorzv pdu0
nhwv wr eh frpsohwh dqg khqfh ghulydwlyh sd|r�v ru frqvxpswlrq wudmhfwrulhv wr
eh vsdqqhg/ hyhq zkhq wkhuh h{lvwv dq lq�qlwh qxpehu ri srvvleoh vwdwhv ri qdwxuh
dqg rqo| d ihz wudghg vhfxulwlhv1
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714 Devroxwh yhuvxv Uhodwlyh Sulflqj ru Jhqhudo yhuvxv

Sduwldo Htxloleulxp

Rqh fdq fdwhjrul}h wkh gl�huhqw whup vwuxfwxuh prghov dffruglqj wr wkh fkdudf0
whu ri wkh htxloleulxp1 Dowkrxjk prvw �qdqfldo prghov duh sxuh h{fkdqjh prghov
dqg duh qrw frqfhuqhg zlwk surgxfwlrq hfrqrplhv/ lw lv lpsruwdqw wr hqvxuh wkdw
wkhuh lv qr lqfrqvlvwhqf| ehwzhhq wkh dvvhw uhwxuq surfhvvhv wkdw duh dvvxphg dqg
wkh xqghuo|lqj surgxfwlrq hfrqrp|1 Fr{ hw do1 +�bHD@,/ Orqjvwd� dqg Vfkzduw}
+�bb2@/ �bb2K,/ Qlhovhq dqg Vdä0Uhtxhmr +�bb2,/ dqg Orqjvwd� +�bHb, doo ghyhors
frpsohwh ru jhqhudo htxloleulxp wkhrulhv ri wkh whup vwuxfwxuh1 Wkh| wdnh dv jlyhq
wkh h{rjhqrxv vshfl�fdwlrqv ri wkh qdwlrqdo +ru lqwhuqdwlrqdo, hfrqrp|/ vxfk dv
wdvwhv/ hqgrzphqwv/ surgxfwlyh rssruwxqlwlhv/ dqg eholhiv derxw srvvleoh ixwxuh
vwdwhv ri wkh hfrqrp|1 Wkhq wkh| hqgrjhqrxvo| ghulyh wkh sulfhv ri ]FEv ri gli0
ihuhqw pdwxulwlhv iurp wkhvh h{rjhqrxv vshfl�fdwlrqv1 Dqwlflsdwlrqv/ ulvn dyhuvlrq/
lqyhvwphqw dowhuqdwlyhv/ dqg suhihuhqfhv derxw wkh wlplqj ri frqvxpswlrq doo hqg
xs sod|lqj d uroh lq ghwhuplqlqj wkh whup vwuxfwxuh/ lq d zd| wkdw lv frqvlvwhqw
zlwk pd{lpl}lqj ehkdylru dqg udwlrqdo h{shfwdwlrqv1 Lw wxuqv rxw wr eh gl!fxow
wr ghulyh forvhg0irup uhvxowv iru duelwudu| vwrfkdvwlf surfhvvhv1 Wklv jhqhudo htxl0
oleulxp dssurdfk lv dovr uhihuuhg wr dv devroxwh sulflqj1 Lq devroxwh sulflqj/ hdfk
dvvhw lv sulfhg e| phdvxulqj lwv h{srvxuh wr ixqgdphqwdo vrxufhv ri pdfurhfrqrplf
ulvn1

Uhodwlyh sulflqj lv ohvv dpelwlrxv dqg wulhv wr sulfh dvvhwv jlyhq wkh suhvxpdeo|
fruuhfw sulfhv ri uhodwhg dvvhwv1 Wkh xqghuo|lqj ulvn idfwruv/ wkh ghwhuplqdqwv ri
lqwhuhvw udwhv dqg wkh lpsdfw ri fkdqjlqj lqwhuhvw udwhv rq wkh pdfurhfrqrp| duh
qrw dqdo|}hg1 Prvw wkhrulhv ri wkh whup vwuxfwxuh idoo zlwklq wklv iudphzrun dqg
duh sduwldo htxloleulxp lq qdwxuh1 Wkh qr0duelwudjh dssurdfk wr wkh wkhru| ri wkh
whup vwuxfwxuh lv lqwhqghg wr h{sodlq wkh duelwudjh0iuhh sulflqj ri ]FEv ri gl�huhqw
pdwxulwlhv dqg lv slrqhhuhg e| Ydvlfhn +�b..,/ Euhqqdq dqg Vfkzduw} +�b.b, dqg
Grwkdq +�b.H,1 Dvvxplqj d vwrfkdvwlf hyroxwlrq ri rqh ru pruh vwdwh yduldeohv
+ulvn idfwruv,/ zh wkhq ghulyh wkh sulfhv ri doo ]FEv e| lpsrvlqj qr0duelwudjh1
Hyhq zlwk wkhvh ohvv dpelwlrxv sduwldo htxloleulxp prghov/ wkh lvvxh ri frqvlvwhqf|
dulvhv1 Wklv dprxqwv wr d uhtxluhphqw wkdw dvvhwv eh sulfhg frqvlvwhqwo| zlwk
uhvshfw wr hdfk rwkhu1 Wklv uhtxluhphqw fdq eh vwdwhg dv dq duelwudjh frqglwlrq
zlwklq wkh prgho= wkh sulflqj ri gl�huhqw dvvhwv vkrxog lpso| wkh vdph pdunhw
sulfh ri ulvn1 Djdlq/ lw wxuqv rxw wr eh gl!fxow wr ghulyh forvhg0irup uhvxowv iru
duelwudu| vwrfkdvwlf surfhvvhv1

Qrwh wkdw lq jhqhudo htxloleulxp prghov +vxfk dv wkh fdslwdo dvvhw sulflqj
prgho,/ wkh dssursuldwh phdvxuh ri vhfxulw| ulvn lv qrw lwv vwdqgdug ghyldwlrq/
exw wkh h{whqw wr zklfk wkh vhfxulw| dggv wr wkh vwdqgdug ghyldwlrq ri d zhoo0
glyhuvl�hg sruwirolr +ru/ wkh h{whqw wr zklfk lw dggv wr wkh v|vwhpdwlf ulvn,1 Wkh
uhodwlyh sulflqj iudphzrun wdnhv wkh jhqhudo htxloleulxp dv jlyhq dqg dv ixoo| uh0
 hfwhg lq wkh sulfh ri wkh xqghuo|lqj dvvhw1 Ulvn lv phdvxuhg lq lvrodwlrq dqg wkh
yrodwlolw| lv wkh rqo| phdvxuh ri ulvn uhfrjql}hg zlwklq ghulydwlyh sulflqj1
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715 Vlqjoh0 yhuvxv Pxowl0idfwru Prghov

Zlwk uhvshfw wr whup vwuxfwxuh prgholqj/ rqh fdq hlwkhu dvvxph wkdw wkh frpsohwh
|lhog fxuyh lv ghwhuplqhg e| d �qlwh qxpehu ri Pdunryldq �vwdwh yduldeohv� ru
�vwrfkdvwlf idfwruv�/ dqg prgho wkh hyroxwlrq ri wkhvh idfwruv/ ru rqh fdq gluhfwo|
prgho wkh hyroxwlrq ri wkh hqwluh |lhog fxuyh1 Lq wklv sdshu/ zh frqvlghu h{foxvlyho|
wkh iruphu dssurdfk1 Kr dqg Ohh +�bHS, duh wkh slrqhhuv ri wkh odwwhu dssurdfk lq
glvfuhwh0wlph1 Wkh fruuhvsrqglqj frqwlqxrxv0wlph yhuvlrq hphujhg zlwk wkh zrun
ri Kxoo dqg Zklwh +�bbf,/ Eodfn hw do1 +�bbf,/ dqg Khdwk hw do1 +�bb2,1 Wkh
pdmru dgydqwdjh ri wkhlu dssurdfk lv wkdw wkh prgho lv wdloruhg wr �w wkh fxuuhqw
pdunhw gdwd shuihfwo|1 Li wkh dlp lv wr sulfh ghulydwlyh vhfxulwlhv/ d shuihfw �w ri
wkh |lhog dqg yrodwlolw| fxuyh lv ri sdudprxqw lpsruwdqfh1 Wkh glvdgydqwdjh lv
wkdw vxssrvhgo| frqvwdqw prgho sdudphwhuv duh wr eh uh0hvwlpdwhg frqwlqxrxvo|
dv pdunhw lqirupdwlrq duulyhv1 Lq wklv vhqvh/ wkh gdwd srlqw wr d plvvshfl�fdwlrq
lq wkh prgho dw hdfk srlqw lq wlph1 Li wkh dlp lv wr h{sodlq wkh whup vwuxfwxuh
pryhphqwv lq d frqvlvwhqw zd|/ wkh �qlwh idfwru dssurdfk lv ehwwhu vxlwhg1 Lq wkh
hqg/ erwk fodvvhv ri prghov kdyh wkhlu uhodwlyh zhdnqhvvhv dqg vwuhqjwkv dqg pxvw
eh dssolhg zlwk fduh1 Uhfhqwo|/ dwwhpswv duh ehlqj pdgh wr olqn erwk fodvvhv lqwr
rqh hqfrpsdvvlqj prgho +Eudqgw dqg \durq +2ff�,,1

Idfwru whup vwuxfwxuh prghov frpsuhvv wkh kxjh dprxqw ri furvv0vhfwlrq dqg
wlph vhulhv ]FE |lhog lqirupdwlrq lqwr wkh ehkdylru ri rqh ru pruh xqrevhuyhg ru
revhuyhg idfwruv1 Wkh g|qdplfv ri wkh idfwruv ghwhuplqh wkh vkdsh ri wkh |lhog
fxuyh dw hdfk jlyhq wlph srlqw +furvv0vhfwlrqdo glphqvlrq, dqg wkh pryhphqw ri
hdfk pdwxulw|0vshfl�f |lhog wkurxjk wlph +wlph vhulhv glphqvlrq,1 W|slfdoo|/ wkhuh
h{lvw vljql�fdqw fruuhodwlrqv dprqj |lhogv ri ]FEv zlwk gl�hulqj pdwxulwlhv1 Wklv
vxjjhvwv wkdw d olplwhg dprxqw ri idfwruv pljkw eh deoh wr fdswxuh wkh g|qdplfv
ri wkh hqwluh |lhog fxuyh1 Wkh h{dfw dprxqw ri idfwruv zloo eh ghwhuplqhg e| wkh
gdwd1

Lq vlqjoh0idfwru prghov ri wkh whup vwuxfwxuh/ wkh zkroh whup vwuxfwxuh pd| eh
lqihuuhg iurp wkh ohyho ri wkh vlqjoh idfwru/ zklfk lv wudglwlrqdoo| wdnhq wr eh wkh
vkruw udwh1 Qrzdgd|v/ vlqjoh0idfwru prghov duh surqh wr vhulrxv fulwlflvpv1 Iluvw/
wkh vlqjoh0idfwru prgholqj dvvxpswlrq lpsolhv wkdw fkdqjhv lq wkh |lhog fxuyh dqg
khqfh erqg uhwxuqv duh +lqvwdqwdqhrxvo|, shuihfwo| fruuhodwhg dfurvv pdwxulwlhv1
Qrw vxusulvlqjo|/ wklv dvvxpswlrq lv hdvlo| frqwudglfwhg e| wkh hpslulfdo hylghqfh1
Vhfrqg/ wkh vkdsh ri wkh |lhog fxuyh lv vhyhuho| uhvwulfwhg1 Vshfl�fdoo|/ wkh vlqjoh0
idfwru prghov fdq rqo| dffrpprgdwh |lhog fxuyhv wkdw duh prqrwrqlfdoo| lqfuhdv0
lqj/ prqrwrqlfdoo| ghfuhdvlqj/ ru qrupdoo| kxpshg +l1h1 30vkdshg,/ iru d jlyhq
gd|1 Dq lqyhuvho| kxpshg +l1h1 �0vkdshg, ru dq| rwkhu |lhog fxuyh fdqqrw eh
jhqhudwhg1 Wklug/ rqh0idfwru wlph0lqyduldqw sdudphwhu prghov whqg wr surylgh
d uhodwlyho| srru �w wr wkh dfwxdo |lhog fxuyh revhuyhg lq wkh pdunhw +vhh h1j1
Ghzdfkwhu dqg Pdhv +2fff, iru d frpsdulvrq ri rqh0idfwru yhuvxv wzr0 dqg wkuhh0
idfwru prgho �wv,1 Pruh h{whqvlyh hpslulfdo hylghqfh +vhh h1j1 Gdl dqg Vlqjohwrq
+2fff,, srlqwv vwurqjo| wrzdugv pxowlidfwru h{whqvlrqv1

53



D vwhs wrzdugv d pruh uhdolvwlf dssurdfk wr wkh uhodwlyh sulflqj ri ]FEv ri
gl�huhqw pdwxulwlhv zrxog eh wr doorz iru pruh xqghuo|lqj idfwruv/ ohdglqj wr wkh
pxowl0idfwru prghov ri wkh whup vwuxfwxuh1 Lq wklv fodvv ri prghov/ wkh vkruw udwh
lv zulwwhq dv d vxp ri g vwdwh yduldeohv/ lpso|lqj wkdw wkh ]FE sulfhv duh wkh
surgxfw ri vlqjoh0idfwru erqg sulfhv=

oE|� ' o EfE|�� '

I
[

JLK F f J E|�� +77,

Wklv dssurdfk idflolwdwhv wkh prgho*v hpslulfdo dqdo|vlv1 Iru h{dpsohv ri prghov
wkdw iroorz wklv dssurdfk/ vhh Odqjhwlhj +�bHf,/ Fkhq dqg Vfrww +�bb2,/ Orqjvwd�
dqg Vfkzduw} +�bb2@,/ Vxq +�bb2,/ Shduvrq dqg Vxq +�bbe,/ Gdl dqg Vlqjohwrq
+2fff/ 2ff2@,/ Ghzdfkwhu dqg Pdhv +2fffc 2ff�, dqg Fdvvrod dqg Oxlv +2ff�,1 D
uhylhz ri wkh hpslulfdo surshuwlhv ri wkh whup vwuxfwxuh +vhh h1j1 Gdl dqg Vlqjohwrq
+2fff,, vkrzv wkh vxevwdqwldo lpsuryhphqwv ri �w r�huhg e| wkhvh pxowl0idfwru
prghov1 Iru h{dpsoh/ vkruw udwh fkdqjhv qhhg qrw ghshqg rqo| rq wkh fxuuhqw
vkruw udwh ohyho/ exw srvvleo| dovr rq rwkhu xqrevhuydeoh idfwruv +d wlph0ydu|lqj
vwrfkdvwlf orqj0whup phdq/ vwrfkdvwlf yrodwlolw|/ hwf1,1 Dovr +olqhdu frpelqdwlrqv
ri, revhuydeoh |lhogv ru pdfurhfrqrplf yduldeohv fdq eh wdnhq wr eh wkh idfwruv +vhh
iru h{dpsoh Gx!h dqg Ndq +�bbS,/ Ehudugl +2ff�,/ dqg Ghzdfkwhu hw do1 +2ff�@/
2ff2,1

Iru h{dpsohv ri prghov lq zklfk wkh idfwruv kdyh vshfl�f phdqlqjv/ vhh Euhq0
qdq dqg Vfkzduw} +�b.b/ vkruw0whup lqwhuhvw udwh dqg frqvro udwh,/ Ulfkdug +�b.H/
uhdo udwh dqg h{shfwhg lq dwlrq,/ Orqjvwd� dqg Vfkzduw} +�bb2/ vkruw0whup lqwhuhvw
udwh dqg yrodwlolw| ri lqwhuhvw udwh,/ Vfkdhihu dqg Vfkzduw} +�bHe/ orqj0whup lqwhuhvw
udwh dqg wkh vsuhdg ehwzhhq wkh orqj0whup dqg vkruw0whup lqwhuhvw udwhv,/ Fr{ hw
do1 +�bHD@/ lq dwlrq udwh dqg vkruw0whup lqwhuhvw udwh,/ Dqghuvhq dqg Oxqg +�bb./
vkruw0whup lqwhuhvw udwh dqg yrodwlolw| ri lqwhuhvw udwh,/ Edogx}}l hw do1 +�bbS/ wkuhh
idfwruv> 2fff/ vkruw udwh dqg vwrfkdvwlf phdq,/ Ehudugl +2ff�/ rxwsxw jds dqg lq0
 dwlrq,/ dqg Ghzdfkwhu hw do1 +2ff�@/ 2ff2/ rxwsxw jds/ lq dwlrq/ fhqwudo whqghqf|
ri rxwsxw jds dqg lq dwlrq/ dqg uhdo lqwhuhvw udwh,1 Lq jhqhudo/ jhqhudol}dwlrq wr
pxowlsoh idfwruv uhtxluhv fduh li wkh idfwruv duh jlyhq d vshfl�f hfrqrplf lqwhusuhwd0
wlrq1 Wkh uhodwlrqvkls ehwzhhq wkh idfwruv kdv wr eh wdnhq lqwr dffrxqw h{solflwo|/
lq rughu wr eh frqvlvwhqw zlwk wkh qr0duelwudjh uhtxluhphqw1 Iru h{dpsoh/ li wkh
wzr idfwruv duh d vkruw0whup dqg d orqj0whup lqwhuhvw udwh/ lw vkrxog eh eruqh lq
plqg wkdw wkh orqj0whup erqg lv uhodwhg wr d vhulhv ri vkruw0whup erqgv lq d ulvn0
qhxwudo zruog/ dqg khqfh wkh erqg sulfh pryhphqwv ri wkh orqj dqg vkruw hqg kdyh
wr eh wlhg wrjhwkhu lq vrph zd|1

716 D!qh Whup Vwuxfwxuh Prghov

Wkh sxusrvh ri d pxowl0idfwru WVP lv wr surylgh d frqvlvwhqw +l1h1/ duelwudjh0
iuhh, h{sodqdwlrq iru wkh g|qdplfv ri wkh whup vwuxfwxuh1 Zh glvfxvv wkh srsxodu
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fodvv ri d!qh WVPv dqg wkh lqhylwdeoh wudgh0r� ehwzhhq hpslulfdo  h{lelolw| dqg
wkhruhwlfdo uljru lq fkrrvlqj d prgho iurp wklv fodvv1

71614 Vroylqj wkh Whup Vwuxfwxuh sduwldo gl�huhqwldo htxdwlrq

Wkh sduwldo gl�huhqwldo htxdwlrq wkdw hyhu| ]FE sulfh qhhgv wr vdwlvi| lv ghulyhg
iurp edvlfdoo| wkuhh ixqgdphqwdo dvvxpswlrqv1
+l, ]FE sulfhv duh ixqfwlrqdoo| uhodwhg MON wr rqh ru pruh/ vd| g/ vwrfkdvwlf idfwruv
fE|�=

� E|c A � ' � E|c Ac fE|�� � +78,

+ll, Wkh xqghuo|lqj idfwruv iroorz wlph0krprjhqhrxv gl�xvlrqv=

_fE|� ' > B P EfE|�� _| n j P EfE|�� _` B E|�� +79,

+lll, Duelwudjh rssruwxqlwlhv duh devhqw1 Wkh dvvxpswlrq ri qr duelwudjh rssruwx0
qlwlhv lq rxu hfrqrp| ohdgv wr +2�,/ uhzulwwhq khuh lq d pxowlyduldwh vhwwlqj=

_�E|�

�E|�
' �o E|� _| � \ E|�

Q
_` E|�� +7:,

Frqvlghu qrz d sduwlfxodu erqg +�{ wkh wlph ri pdwxulw| A ,1 Lq wkh devhqfh ri
duelwudjh/ wkh guliw dqg gl�xvlrq ri dq| ]FE sulfh g|qdplfv duh wlhg wrjhwkhu=

> B R E|� � oE|� ' j R E|� Q \E|�c +7;,

zkhuh hdfk �wk frpsrqhqw ri \E|� lv wkh pdunhw sulfh ri ulvn dvvrfldwhg zlwk wkh �wk
ulvn idfwru/ vlqfh lw jlyhv wkh ulvn suhplxp uhtxluhg shu xqlw ri yrodwlolw| dvvrfldwhg
zlwk wkh �wk vrxufh ri ulvn ` J E|�1 Htxdwlrq +eH, lv wkh pxowlyduldwh htxlydohqw ri
htxdwlrq +2e,1 Li fE|� iroorzv gl�xvlrq g|qdplfv/ wkhq � E|c Ac fE|�� zloo iroorz
gl�xvlrq g|qdplfv dv zhoo/ surylghg wkh ixqfwlrq � E|c Ac fE|�� fdq eh gl�huhqwldwhg
wzlfh1 Dq h{suhvvlrq iru wkh lqvwdqwdqhrxv kroglqj uhwxuq _� E|c A �*� E|c A � fdq eh
ghulyhg xvlqj Lw÷*v ohppd=

_� E|c A �

� E|c A �
' > B R E|� _| n j R E|� _` B E|�c +7<,

zkhuh=
;
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+83,

S�T
Lw lv lpsruwdqw wr uhdol}h wkdw zh gr qrw dvvxph wkdw wkh uhodwlrqvkls ehwzhhq S +w> W , dqg wkh

idfwru+v, lv nqrzq1 Rq wkh frqwudu|/ wkh hqwluh sxusrvh ri wkh iroorzlqj lv ghulylqj wkdw ixqfwlrq
hqgrjhqrxvo| iurp wkh deryh dvvxpswlrqv/ hvshfldoo| iurp wkh dvvxpswlrqv derxw devhqfh ri
duelwudjh1
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Vxevwlwxwlqj +Df, lqwr +eH, dqg uhrujdql}lqj vrphzkdw/ zh jhw d sduderolf sduwldo
gl�huhqwldo htxdwlrq +SGH,=
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zlwk > CP E|� gh�qhg dv=

> CP E|� ' > B P E|� � j P E|�
Q
\ E|� � +85,

Htxdwlrq +D�, lv riwhq uhihuuhg wr dv wkh whup vwuxfwxuh SGH1 Wkhuh lv dq lpsruwdqw
gl�huhqfh ehwzhhq wkh whup vwuxfwxuh SGH +D�, dqg wkh Eodfn dqg Vfkrohv +�b.�,
SGH1 Wkh whup vwuxfwxuh htxdwlrq +D�, lv qrw suhihuhqfh0iuhh xqolnh wkh Eodfn
dqg Vfkrohv +�b.�, irupxodwlrq +jlyhq wkh suhvhqfh ri wkh pdunhw sulfh ri ulvn
sdudphwhu/ \E|�,1 Wkh uhdvrq iru wklv lv qrw kdug wr vhh1 Wkh Eodfn dqg Vfkrohv
prgho wdnhv wkh vwrfn sulfh/ zklfk uh hfwv wkh pdunhw sulfh ri ulvn/ dv jlyhq1 Lq
frqwudvw/ wkh idfwru whup vwuxfwxuh prgho vroyhv iru doo erqg sulfhv uhodwlyh wr
hdfk rwkhu1 Wkh rqo| zd| wr wlh grzq wkh sulfhv lv e| lqyrnlqj wkh h{rjhqrxv
sdudphwhu/ wkh pdunhw sulfh ri ulvn1 � E|c A � lv wkh vroxwlrq wr wklv sduderolf SGH/
wdnlqj lqwr dffrxqw wkh erxqgdu| frqglwlrq iru wkh sd|phqw wr eh uhfhlyhg dw
pdwxulw|/ � EAc A � ' �1 MOU

Iru d jlyhq wlph ri pdwxulw| A / zh fdq uhsodfh Y�*Y| lq +D�, zlwk �Y�*Y� 1
Gx!h dqg Ndq +�bbS, vkrz wkdw ixuwkhu uhvwulfwlrqv rq wkh g|qdplfv ri wkh vwdwh
yhfwru xqghu T pxvw eh lpsrvhg iru wkh SGH +D�, wr |lhog d wudfwdeoh ]FE sulfh
vroxwlrq1 Pruh vshfl�fdoo|/ lw lv uhtxluhg wkdw o E|�/ > CP E|�/ dqg j P E|� j P E|�

Q
duh

doo d!qh ixqfwlrqv ri fE|�1
Wkh| gh�qh dq d!qh V2W whup vwuxfwxuh prgho +DWVP, dv d WVP zkhuh sulfhv

+|lhogv, duh h{srqhqwldo0d!qh +d!qh, ixqfwlrqv ri wkh vwdwh yduldeohv fE|�=
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+86,

zkhuh �E�� lv d vfdodu dqg �E� � lv d g � � yhfwru ri frpsoh{ ixqfwlrqv ri guliw
S0X
Lq dgglwlrq wr ydoxlqj ]FEv dqg ghwhuplqlqj wkh whup vwuxfwxuh/ wkhvh prghov fdq kdqgoh

dq| rwkhu lqwhuhvw udwh ghulydwlyh sureohp1 Edvlfdoo|/ wkh rqo| wklqj wkdw fkdqjhv lv wkh erxqgdu|
frqglwlrq dw pdwxulw|1 Iru h{dpsoh/ Fr{ hw do1 +4<;8d, ydoxh Hxurshdq fdoo rswlrqv rq lqwhuhvw
udwhv1 Dssolfdwlrqv wr ixwxuhv frqwudfwv/ yduldeoh udwh lqvwuxphqwv/ pruwjdjhv/ ordq frpplwphqwv/
hwf1 kdyh dovr ehhq xqghuwdnhq1 D uhfhqw h{dpsoh lv wkh sulflqj ri frxsrq erqgv dqg vzdswlrqv
+Vlqjohwrq dqg Xpdqwvhy +5335,,1YOZ

D ixqfwlrq i +�, lv gh�qhg wr eh d!qh li lw lv frqvwdqw0soxv0olqhdu lq lwv dujxphqw +vwulfwo|
vshdnlqj/ olqhdu zrxog vx!fh,1 D xqlyduldwh h{dpsoh zrxog eh= i+{, @ d.e{/ iru uhdo sdudphwhuv
d dqg e1
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dqg gl�xvlrq sdudphwhuv ri wkh vwdwh yduldeoh g|qdplfv1 V[M Vxevwlwxwlqj +D�, dqg
d!qh h{suhvvlrqv iru o E|�/ > CP E|�/ dqg j P E|�j P E|�

Q
lqwr +D�, uhvxowv lq dq d!qh

h{suhvvlrq dw wkh ohiw dqg uljkw kdqg vlgh ri wkh whup vwuxfwxuh SGH1 Htxdol}lqj
wkh frqvwdqwv dqg fE|�0frh!flhqwv rq wkh ohiw dqg uljkw kdqg vlgh/ uhvshfwlyho|/
ohdgv wr d v|vwhp ri RGHv zklfk lv idu hdvlhu dqg ohvv wlph0frqvxplqj wr vroyh
wkdq wkh SGH lq +D�,1 �E� � dqg �E� � duh wkh vroxwlrqv wr wklv v|vwhp ri srvvleo|
frxsohg RGHv zlwk lqlwldo frqglwlrqv � Ef� ' f dqg � Ef� ' f I 1 Wkh uhvxowlqj
v|vwhp ri RGHv lv uhodwlyho| hdv| wr vroyh xvlqj vwdeoh/ dffxudwh/ dqg idvw qxphulfdo
lqwhjudwlrq whfkqltxhv/ vxfk dv wkh Uxqjh Nxwwd 7wk rughu dojrulwkp wkdw lv xvhg
lq wklv glvvhuwdwlrq1 Iru wklv uhdvrq/ zh uhihu wr wkhvh vroxwlrqv dv txdvl0forvhg0
irup vroxwlrqv1 Zh fdq �qg wuxo| dqdo|wlfdo ru forvhg0irup vroxwlrqv rqo| lq vrph
vshfldo fdvhv +h1j1 ruwkrjrqdo pxowlidfwru Fr{ hw do1 +�bHD@, prgho,1 Uhvhdufkhuv
kdyh sxw lq juhdw h�ruw wr �qg wkhvh wudfwdeoh prghov vlqfh lw pdnhv lw srvvleoh wr
sulfh erqgv ri doo srvvleoh pdwxulwlhv lq d frqvlvwhqw zd|1

71615 Sdudphwhul}lqj D!qh Whup Vwuxfwxuh Prghov

Zlwkrxw orvv ri jhqhudolw|/ Gdl dqg Vlqjohwrq +2fff, sdudphwhul}h wkh fodvv ri d!qh
idfwru whup vwuxfwxuh prghov1 Wkh| zulwh wkh d!qh idfwru g|qdplfv xqghu T dv=

_fE|� ' > CP EfE|�� _| n j P EfE|�� _` C E|�c +87,

> CP EfE|�� ' �g
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�X � fE|�
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j P EfE|�� ' P
t

-E|�c +89,

zkhuh �g/ �X/ dqg P duh g � g/ g � �/ dqg g � g pdwulfhv/ uhvshfwlyho|1 -E|� lv
d gldjrqdo g � g pdwul{ zlwk wkh �wk gldjrqdo hohphqw jlyhq e|=

d-E|�o J\J ' k J n q
]J fE|�c +8:,

zkhuh k J lv d vfdodu dqg q J lv d g � � yhfwru iru hdfk �1 Wkh vkruw udwh lv dovr
dvvxphg wr eh d!qh lq wkh vwdwh yduldeohv=

oE|� ' o EfE|�� ' B ^ n B
Q
fE|�c +8;,

zkhuh B ^ lv d vfdodu dqg B lv d g � � yhfwru1 Wklv vhwxs uhvxowv lq wkh iroorzlqj
v|vwhp ri RGHv=
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b2c
Lq wkh htxdwlrq/ E+�, vwdqgv iru wkh vhqvlwlylw| ri ]FE sulfhv wr fkdqjhv lq wkh idfwruv dqg

vkrxog qrw eh frqixvhg zlwk wkh edqn dffrxqw/ gh�qhg rq sdjh <1 Lq wkh iroorzlqj/ lw vkrxog eh
reylrxv wr zklfk zh duh uhihuulqj1
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zlwk lqlwldo frqglwlrqv � Ef� ' f dqg � Ef� ' f I 1 V2V
Qh{w/ Gdl dqg Vlqjohwrq +2fff, xqltxho| fdwhjrul}h wkh idplo| ri g0idfwru

DWVPv lqwr g n � vxeidplolhv � d Eu�/ u ' ifc ���c gj/ ri DWVPv edvhg rq wkh
qxpehu ri idfwruv/ L ' ifc ���c uj/ wkdw duh suhvhqw lq wkh frqglwlrqdo idfwru ydul0
dqfhv1 Wkh| vkrz wkdw hyhu| DWVP fdq eh uhzulwwhq lq d fdqrqlfdo irup zlwk
lghqwlfdo hfrqrphwulf lpsolfdwlrqv iru wkh vkruw udwh dqg/ khqfh/ iru erqg sulfhv1

Qrwlfh wkdw Gx!h dqg Ndq +�bbS, uhtxluh wkdw wkh idfwru guliw xqghu T lv
d!qh1 Wkh| duh vlohqw wkrxjk derxw wkh pdunhw sulfh ri ulvn yhfwru \ E|� dqg wkh
fruuhvsrqglqj guliw xqghu S1 Krzhyhu/ lq rughu wr hpslulfdoo| lpsohphqw DWVPv/
zh qhhg wr nqrz wkh g|qdplfv ri fE|� xqghu wkh dfwxdo phdvxuh S1 Gx�hh +2ff2,
dqg Gdl dqg Vlqjohwrq +2ff2@, sdudphwul}hg wkh pdunhw sulfh ri ulvn yhfwru \ E|�
dv iroorzv=

\E|� '
t

-E|�b
^
n

t

- e E|�b P
fE|�c +93,

zkhuh b
^
lv dq g�� yhfwru ri frqvwdqwv/ b

P
lv d g�g pdwul{ ri frqvwdqwv/ dqg wkh

gldjrqdo pdwul{ - e E|� kdv }hurv lq lwv �uvw L gldjrqdo hqwulhv dqg �*
�

k J n q
]J fE|�

�

lq hqwulhv � ' iL n �c ���c gj1 Xqghu wklv sduwlfxodu dvvxpswlrq iru \E|�/ wkh surfhvv
iru fE|� dovr kdv dq d!qh irup xqghu S=
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zkhuh wkh �wk urz ri wkh g � g pdwul{ x ^ lv
k

b
^ l

J q
]J dqg zkhuh x ` lv d g � �

yhfwru zkrvh �wk hohphqw lv
k

b
^ l

J k J 1 D!qh idfwru g|qdplfv xqghu wkh sk|vlfdo

phdvxuh doorz iru wkh h{solflw fdofxodwlrq ri wkh frqglwlrqdo phdq dqg yduldqfh ri
wkh idfwruv1 Lq wxuq/ hvwlpdwlrq whfkqltxhv wkdw uho| rq wkhvh wzr prphqwv fdq eh
xvhg +vxfk dv wkh Ndopdq �owhu TPO dssurdfk,1

Wkh htxdwlrqv +De,/ +DH,/ dqg +Sf, gh�qh wkh vr0fdoohg fodvv ri hvvhqwldoo| d!qh
WVPv/ lq frqwudvw wr wkh pruh uhvwulfwlyh fodvv ri frpsohwho| d!qh WVPv zkhuh
wkh sdudphwhu yhfwru b

P
lv uhvwulfwhg wr eh d g � � yhfwru ri }hurv1 Wkh odwwhu

duh dqdo|}hg lq Gx!h dqg Ndq +�bbS,/ Gdl dqg Vlqjohwrq +2fff,/ dqg Ghzdfkwhu
dqg Pdhv +2fff/ 2ff�,/ wkh iruphu lq Gdl dqg Vlqjohwrq +2ff2,/ Gx�hh +2ff2,/ dqg
Ghzdfkwhu hw do1 +2ff�@/ 2ff2@,1

71616 Dgplvvlelolw| Frqglwlrqv

Dq| vhqvleoh sdudphwhul}dwlrq ri DWVPv pxvw eh wkhruhwlfdoo| dgplvvleoh dqg
hfrqrphwulfdoo| lghqwl�hg1 Gdl dqg Vlqjohwrq +2fff, glvfxvv wkh sdudphwhu uh0

b5b
Qrwh wkdw wkh ordglqjv duh frpsohwho| ghwhuplqhg e| wkh vshfl�fdwlrq ri wkh ulvn qhxwudo

g|qdplfv ri wkh vwdwh yduldeohv [+w,1
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vwulfwlrqv wkdw wkhvh wzr uhtxluhphqwv sodfh rq wkh DWVPv glvfxvvhg deryh1 Dq
DWVP lv gh�qhg dv dgplvvleoh zkhqhyhu wkh frqglwlrqdo idfwru yduldqfhv d-E|�o J\J c

d-E|�o J\J ' k J n q
]J fE|�/ duh srvlwlyh iru duelwudu| fkrlfhv ri wkh vwdwh yhfwru1 Sxw

gl�huhqwo|/ k J dqg q J fdqqrw eh slfnhg duelwudulo|/ vlqfh d-E|�o J\J qhhgv wr uhpdlq
srvlwlyh iru doo srvvleoh ydoxhv ri wkh vwdwh yhfwru fE|�1 V2f Wkhvh +dqg rwkhu, sdud0
phwhu uhvwulfwlrqv sod| d uroh ri sdudprxqw lpsruwdqfh lq wkh rqjrlqj vhdufk iru
wkh �fruuhfw� gl�xvlrq prgho ri wkh whup vwuxfwxuh pryhphqwv/ dv zloo eh glvfxvvhg
qh{w1

Wkh dfdghplf olwhudwxuh kdv pdlqo| irfxvhg dwwhqwlrq rq DWVPv/ vlqfh wklv
fodvv ri prghov |lhogv txdvl0forvhg0irup erqg sulflqj irupxodh dqg fdq hdvlo| kdq0
goh pxowlsoh vwdwh yduldeohv1 Krzhyhu/ wkhuh duh uhdvrqv wr orrn iru idfwru WVPv
rxwvlgh wkh d!qh fodvv1 Iluvw/ doo exw rqh idplo| ri DWVPv idfh d wudgh0r� eh0
wzhhq wkh vwuxfwxuh ri ]FE sulfh yrodwlolw| dqg dgplvvleoh qrq}hur +xq,frqglwlrqdo
fruuhodwlrqv dprqj wkh vwdwh yduldeohv1 Wklv kdpshuv wkhlu hpslulfdo shuirupdqfh1
Iru wkh pxowlyduldwh Jdxvvldq DWVPv lq wkh � ^ Eg� idplo|/ wkhuh duh qr dgplv0
vlelolw| uhvwulfwlrqv/ exw wkh � ^ Eg� fodvv lv e| frqvwuxfwlrq xqdeoh wr dffrxqw iru
wkh khwhurvnhgdvwlflw| lq lqwhuhvw udwhv1 Rxwvlgh wkh � ^ Eg� fodvv/ lpsrvlqj dgplv0
vlelolw| frqglwlrqv ehfrphv qhfhvvdu| dqg wkh frqglwlrqv ehfrph lqfuhdvlqjo| pruh
vwulqjhqw zkhq L / wkh qxpehu ri idfwruv wkdw duh suhvhqw lq wkh frqglwlrqdo ydul0
dqfh pdwul{/ lqfuhdvhv iurp f wr g1 Wkh � I Eg� fodvv lpsrvhv wkh odujhvw qxpehu
ri dgplvvlelolw| frqglwlrqv rq lwv sdudphwhu vsdfh/ exw doorzv iru wkh prvw  h{l0
elolw| lq prgholqj wkh +xq,frqglwlrqdo yrodwlolw|1 Dv vkrzq e| Gdl dqg Vlqjohwrq
+2fff,/ zkhq L htxdov g/ wklv h�hfwlyho| lpsolhv wkdw wkh idfwruv pxvw kdyh qrq0
qhjdwlyh xqfrqglwlrqdo dqg }hur frqglwlrqdo fruuhodwlrqv1 D vhfrqg uhdvrq wr orrn
rxwvlgh wkh fodvv ri DWVPv lv wkh rplwwhg qrqolqhdulw| lq wkh gdwd +vhh wkh uhvxowv
ri Gdl dqg Vlqjohwrq +2fff,,1 D wklug uhdvrq lv wkdw rqo| � I Eg� prghov zlwklq
wkh fodvv ri DWVPv lv deoh wr hqvxuh d vwulfwo| srvlwlyh lqwhuhvw udwh1 Wkhuhiruh/
DWVPv fdqqrw doorz iru qhjdwlyh xqfrqglwlrqdo fruuhodwlrqv dprqj wkh vwdwh ydul0
deohv zklovw jxdudqwhhlqj srvlwlylw| ri wkh qrplqdo lqwhuhvw udwh1 Zkloh lw pd| eh d
zruwkzkloh vdful�fh li wkh hpslulfdo shuirupdqfh ri wkh prgho fdq eh vljql�fdqwo|
lpsuryhg dqg li wkh uhdo suredelolw| ri kdylqj qhjdwlyh lqwhuhvw udwhv/ doehlw srvl0

bOg
Gdl dqg Vlqjohwrq +5333, htxdol}h wkh �dgplvvlelolw|� surshuw| ri DWVPv zlwk �zhoo0gh�qhg

erqg sulfhv�1 Krzhyhu/ iurp wkhlu gh�qlwlrq ri dgplvvlelolw|/ lw lv reylrxv wkdw dgplvvlelolw|
lv rqo| frqfhuqhg zlwk wkh vkruw udwh gl�xvlrq/ zklovw lw uhpdlqv vlohqw rq wkh vkruw udwh guliw1
Vwulfwo| vshdnlqj/ �zhoo0gh�qhg� +dgplvvleoh, erqg sulfhv gr qrw uxoh rxw qhjdwlyh vkruw udwhv/
dqg/ lq wkh fdvh zkhuh rqh fdq krog fdvk/ wkh suhvhqfh ri duelwudjh rssruwxqlwlhv1 Zkhq d ]FE
zrxog r�hu d qhjdwlyh lqwhuhvw udwh/ d vkruw srvlwlrq lq wklv ]FE dqg d orqj srvlwlrq ri dq htxdo
dprxqw ri prqh|/ erwk khog xqwlo wkh wlph ri pdwxulw| ri wkh ]FE/ zrxog |lhog dq duelwudjh
rssruwxqlw|1
Lq p| rslqlrq/ wkh rqo| vwulfwo| duelwudjh0iuhh/ wkhruhwlfdoo| dgplvvleoh/ dqg hfrqrphwulfdoo|

lghqwl�hg DWVP lv wkh fdqrqlfdo prgho ri wkh D h +N, fodvv1 Doo rwkhu fodvvhv duh qrw duelwudjh0
iuhh lq wkh vwulfwhvw vhqvh1 Iru dq dssuhfldwlrq ri wkh vpdoo suredelolw| ri qhjdwlyh lqwhuhvw udwhv
zlwklq wkh fodvv ri Jdxvvldq prghov/ vhh Urjhuv +4<<9,1 Kh vkrzv wkdw wkh vpdoo suredelolw| pljkw
eh lpsruwdqw zkhq orrnlqj dw nqrfnrxw erqgv dqg/ pruh lpsruwdqwo|/ orqj pdwxulw| erqgv1

59



wlyh/ lv vpdoo jlyhq dssursuldwh fkrlfhv ri sdudphwhu hvwlpdwhv/ vrph sudfwlwlrqhuv
dqg dfdghplfv dolnh krog vwurqj rslqlrqv djdlqvw whup vwuxfwxuh prghov wkdw doorz
iru qhjdwlyh lqwhuhvw udwhv1

Wkh deryh glvfxvvlrq irufhv rqh wr pdnh wkh wudgh0r� ehwzhhq hpslulfdo  h{lelo0
lw| dqg wkhruhwlfdo uljru lq fkrrvlqj d sduwlfxodu DWVP1 Gr zh idyru d wkhruhwlfdoo|
 dzhg/ exw hpslulfdoo|  h{leoh prgho/ ru gr zh vwlfn wr d wkhruhwlfdoo| pruh fru0
uhfw prgho wkdw pljkw qrw eh deoh wr �w wkh gdwd dv zhooB Uhvhdufkhuv fkrrvh
wkh prgho wkdw vxlwv wkhlu sxusrvhv ehvw1 Wkh| xvh wkh prvw  h{leoh WVP prgho
zkhq wu|lqj wr h{sodlq wkh idloxuh ri wkh h{shfwdwlrqv wkhru|/ vlqfh lqwhuhvw udwh
khwhurvnhgdvwlflw| lv qrw nh| wr h{sodlqlqj wkh sx}}oh1 Wkh| fkrrvh d prgho iurp
wkh � I Eg� fodvv li wkh vkruw udwh lv uhtxluhg wr eh vwulfwo| srvlwlyh1 Ri frxuvh/ wkh|
wlh wkhlu kdqgv lq grlqj vr/ exw wkhuh lv qrwklqj frqfhswxdoo| zurqj zlwk fkrrvlqj
wr h{soruh d sduwlfxodu vshfl�fdwlrq/ ri frxuvh1

71617 Eh|rqg wkh D!qh Fodvv ri Whup Vwuxfwxuh Prghov= Txdgudwlf

Prghov

Iurp wkh deryh/ lw lv fohdu wkdw DWVPv duh qrw deoh wr hqvxuh srvlwlylw| ri lq0
whuhvw udwhv zlwkrxw kdylqj wr lpsrvh sdudphwhu uhvwulfwlrqv dqg zlwkrxw orrvlqj
 h{lelolw| rq wkh xqfrqglwlrqdo fruuhodwlrq vwuxfwxuh dprqjvw wkh vwdwh yduldeohv1
Pruhryhu/ DWVPv duh qrw deoh wr fdswxuh wkh qrq0olqhdulwlhv lq wkh g|qdplfv ri
lqwhuhvw udwhv1 Wkh h{lvwhqfh ri wkh odwwhu kdyh/ krzhyhu/ ehhq ghprqvwudwhg e|
Dòw0Vdkdold +�bbb, dqg rwkhuv1

Wkhvh sureohpv duh lqkhuhqw wr DWVPv dqg prwlydwh wkh txhvw iru qrq0d!qh
prghov wkdw gr qrw vx�hu iurp wkhvh vkruwfrplqjv1 Urxjko| vshdnlqj/ rqo| rqh
dowhuqdwlyh fodvv ri prghov kdv ehhq sursrvhg= wkh txdgudwlf WVPv +TWVPv,/ gh0
yhorshg e| Orqjvwd� +�bHb,/ Ehdjohkroh dqg Whqqh| +�bb�/ �bb2,/ dqg Frqvwdqwl0
qlghv +�bb2,/ dqg sxw lq fdqrqlfdo irup e| Dkq hw do1 +2ff2, dqg Ohlssrog dqg Zx
+2ff�/ 2ff2,1 Lq wkhvh prghov/ ]FE sulfhv duh h{suhvvhg dv txdgudwlf0h{srqhqwldo
ixqfwlrqv ri wkh vwdwh yduldeohv dqg/ vlplodu wr wkh DWVPv/ wkh ordglqjv fdq eh
vroyhg dqdo|wlfdoo| +iru wkh rqh idfwru0fdvh dqg iru lqghshqghqw idfwru pxowl0idfwru
fdvhv, ru e| vroylqj d v|vwhp ri RGHv +lq wkh jhqhudo pxowl0idfwru fdvh,1

TWVPv fdq srwhqwldoo| ryhufrph wkh gl!fxowlhv ri DWVPv1 Wkh| doorz iru
vwulfwo| srvlwlyh qrplqdo lqwhuhvw udwhv zlwkrxw lpsrvlqj uhvwulfwlrqv rq wkh fru0
uhodwlrq vwuxfwxuh ri vwdwh yduldeohv1 Wkh vwdwh yduldeohv lq wkh fdqrqlfdo TWVP
duh doo Jdxvvldq1 Wkh qrq0qhjdwlylw| ri wkh vkruw udwh lv dvvxuhg e| wkh txdgudwlf
uhodwlrqvkls ehwzhhq wkh vkruw udwh dqg wkh Jdxvvldq +srvvleo| qhjdwlyh, vwdwh
yduldeohv1 Wkh lqwhuhvw udwh dqg erqg sulfhv lq wkh TWVP h{klelw khwhurvnhgdvwlf
frqglwlrqdo yrodwlolwlhv hyhq wkrxjk wkh vwdwh yduldeohv wkhpvhoyhv gr qrw h{klelw
wklv ihdwxuh1 Wkh dgydqwdjh ri TWVPv ryhu DWVPv/ qh{w wr wkh qrqh{lvwhqw wudgh0
r�/ lv wkdw lq wkh iruphu fodvv doo ri wkh lqfoxghg vwdwh yduldeohv fdq frqwulexwh wr
wkh jhqhudwlrq ri vwrfkdvwlf yrodwlolw|1 Wkh yrodwlolw| ri wkh lqwhuhvw udwh lv sur0
sruwlrqdo wr wkh ohyho ri wkh vwdwh yduldeohv1 Wkh TWVP grhv qrw uhvxow lq ohvv
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 h{lelolw| lq vshfli|lqj frqglwlrqdo fruuhodwlrqv dprqj wkh vwdwh yduldeohv vlqfh
wkh frqglwlrqdo yrodwlolwlhv duh lqgxfhg e| wkh txdgudwlf vwuxfwxuh udwkhu wkdq wkh
surfhvvhv ri wkh vwdwh yduldeohv1 Lq rwkhu zrugv/ wkh| duh iuhh ri wkh wudgh0r� eh0
wzhhq khwhurvnhgdvwlf yrodwlolwlhv ri wkh vkruw udwh dqg qhjdwlyh fruuhodwlrq dprqj
idfwruv/ zkloh pdlqwdlqlqj dgplvvlelolw|1 Pruhryhu/ TWVPv kdyh wkh srwhqwldo wr
fdswxuh rplwwhg qrq0olqhdulwlhv11 Wkh txdgudwlf whup lq erqg |lhogv dggv qrqolq0
hdulw| wr wkh g|qdplfv1 Zlwklq wkh d!qh fodvv/ rqh riwhq xvhv pxowlsoh idfwruv wr
jhqhudwh wkh revhuyhg qrq0olqhdulwlhv lq wkh lqwhuhvw udwh g|qdplfv1 Lq frqwudvw/
qrqolqhdulw| lv h{solflwo| exlow lqwr wkh txdgudwlf prgho1

Wkh pdmru gudzedfn ri wkh TWVP uhodwlyh wr DWVPv olhv lq wkh hvwlpdwlrq1
Hvwlpdwlrq ri TWVPv lv frpsolfdwhg ehfdxvh ri wkh idfw wkdw wkhuh lv qrw d rqh0
wr0rqh pdsslqj iurp revhuyhg |lhogv wr wkh vwdwh yduldeoh yhfwru dq| pruh1 Wklv
lv gxh wr wkh txdgudwlf ghshqghqfh ri wkh vkruw udwh rq wkh vwdwh yduldeohv1 Jlyhq
wklv lqghwhuplqdf|/ qrq0olqhdu �owhulqj phwkrgv duh fdoohg xsrq wr hvwlpdwh wkh
prgho0lpsolhg vwdwh yduldeohv1 Dkq/ hw do1 +2fff, flufxpyhqw wklv sureohp e|
xvlqj vlpxodwhg phwkrg ri prphqwv +VPP, zklfk h�hfwlyho| jlyhv revhuydeoh vwdwh
yduldeohv wkurxjk vlpxodwlrq1 Wkhq wkh| xvh wkh uhsurmhfwlrq phwkrgv sursrvhg
e| Jdoodqw dqg Wdxfkhq +�bbH, wr hvwlpdwh wkh frqglwlrqdo idfwru phdq1

Wkh wdvn ri vwdwlqj frqvlvwhqw frqfoxvlrqv derxw wkh suhihuuhg fodvv ri WVPv ru
derxw wkh h{whqw wr zklfk prghuq WVPv �w hfrqrplf prphqwv lv vwloo gdxqwlqj dqg
rqjrlqj1 Dkq hw do1 +2ff2, plqjoh wkh fodvvhv ri �sxuheuhg� prghov wrjhwkhu/ lq
rughu wr rswlpl}h wkh hpslulfdo shuirupdqfh ri wkh uhvxowlqj �k|eulg� prgho1 Wkh|
�qg wkdw/ zkhq pruh wkdq wkh wzr �uvw frqglwlrqdo prphqwv duh wr eh �w/ wkh sxuh
TWVP rxwshuirupv doo rwkhu prghov1 Eudqgw dqg Fkdspdq +2ff2, frpsduhg wkh
fodvvhv ri wkuhh idfwru prghov lq whupv ri pdwfklqj wkh hfrqrplf prphqwv ri wkh
|lhog fxuyh dqg frqfoxgh vlploduo| wkdw d Jdxvvldq TWVP grplqdwhv hyhu| DWVP1
Krzhyhu/ wklv lv vwloo hduo| hylghqfh dqg jlyhq wkh gl�huhqfh lq gdwd vdpsohv dqg
dydlodeoh hvwlpdwlrq phwkrgv/ pxfk urexvwqhvv zrun uhpdlqv wr eh grqh1

71618 Mrlqw Prghov ri Pdfurhfrqrplf dqg Whup Vwuxfwxuh G|qdplfv

D uhodwhg/ uhfhqwo| ghyhorshg fodvv ri prghov �J�?|,+ ghvfulehv wkh whup vwuxf0
wxuh ri lqwhuhvw udwhv dqg d vhohfwlrq ri pdfurhfrqrplf yduldeohv +vhh Dqj dqg
Sld}}hvl +2ff2,/ Dqj hw do1 +2ff�,/ Ehudugl +2ff�,/ Ghzdfkwhu hw do1 +2ff�@c 2ff2,/
Ghzdfkwhu dqg O|ulr +2ff�,/ Hydqv dqg Pduvkdoo +2ff�,/ dqg Kùugdko hw do1
+2ff2,,1 Wkhuh duh vwurqj lqfhqwlyhv wr lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq wkh
g|qdplfv ri pdfurhfrqrplf yduldeohv dqg wkh |lhog fxuyh1 Iluvw/ wkhuh lv vwurqj
hylghqfh wkdw wkh whup vwuxfwxuh suhglfwv pryhphqwv rq pdfurhfrqrplf dfwlylw|1
Vhh iru h{dpsoh Mrulrq dqg Plvknlq +�bb�,/ Hvwuhood dqg Kdugrxyholv +�bb�,/ Hv0
wuhood dqg Plvknlq +�bbS/ �bb./ �bbH,1 Wkh idfw wkdw d qhjdwlyho| vorshg whup
vwuxfwxuh suhglfwv d uhfhvvlrq lv eruq rxw e| wkh gdwd1 Hyhu| uhfhvvlrq diwhu wkh
plg0�bSfv kdv ehhq suhglfwhg e| dq lqyhuwhg |lhog fxuyh zlwklq S txduwhuv ri wkh
lpshqglqj uhfhvvlrq1 Rqo| rqfh glg dq lqyhuwhg |lhog fxuyh qrw uhvxow lq d uh0
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fhvvlrq ryhu wklv shulrg1 Hylghqfh zlwk uhvshfw wr wkh hxur duhd dqg lqglylgxdo
phpehu vwdwhv vhhpv ohvv frqylqflqj +Ehun dqg Ydq Ehujhlmn +2fff,,1 Vhfrqg/ wkh
wudglwlrqdo whup vwuxfwxuh prgho dssurdfk lv qrw hqwluho| vdwlvidfwru|1 Wkh prghov
frpsuhvv wkh lqirupdwlrq wkdw lv frqwdlqhg lq d sdqho ri |lhog gdwd lqwr w|slfdoo|
� odwhqw idfwruv1 Wkhvh idfwruv duh wkhq odehohg �ohyho�/ �vorsh�/ ru �fxuydwxuh�/
dffruglqj wr wkh h�hfw wkh| kdyh rq wkh |lhog fxuyh1 Qrwzlwkvwdqglqj wkh lqvljkw
wkdw fdq eh jdlqhg iurp d odwhqw idfwru dssurdfk iru ulvn pdqdjhphqw dqg wkh
xqghuvwdqglqj ri dvvhw sulfh ehkdylru/ zh duh vwloo edvlfdoo| h{sodlqlqj |lhogv zlwk
|lhogv +Gx!h dqg Ndq +�bbS,,1 Lw lv lqwhuhvwlqj wr eh deoh wr lqwhusuhw dqg lghq0
wli| zkdw lv xqghuo|lqj wkhvh odwhqw idfwruv lq whupv ri revhuyhg ru xqrevhuyhg
pdfurhfrqrplf yduldeohv/ vxfk dv rxwsxw jds/ lq dwlrq/ ru orqj0whup h{shfwdwlrqv
ri rxwsxw jds dqg lq dwlrq1 Ghzdfkwhu hw do1 +2ff�@c 2ff2, vwxg| h{dfwo| wkhvh
nlqgv ri txhvwlrqv zlwklq d frqwlqxrxv0wlph mrlqw prgho ri wkh pdfurhfrqrp| dqg
wkh |lhog fxuyh1 Ehudugl +2ff�, dqg Dqj dqg Sld}}hvl +2ff2, dovr lqfoxgh pdfur0
idfwruv lqwr d irupdo whup vwuxfwxuh prgho/ exw uho| rq vrph nlqg ri dssur{lpdwlrq
iru wkh pdfurhfrqrplf idfwruv1 Khqfh wkh| duh xqdeoh wr jlyh wkh xqrevhuydeoh
idfwruv d fohdu pdfurhfrqrplf lqwhusuhwdwlrq1 Zx +2fff, dqg Exudvfkl dqg Mlowvry
+2ff2, wdnh xs wkh gdxqwlqj wdvn ri ghyhorslqj d jhqhudo htxloleulxp prgho1 Iru
wkh lqwxlwlrq rq krz wr olqn wkh whup vwuxfwxuh ri lqwhuhvw udwhv wr pdfurhfrqrplf
yduldeohv g|qdplfv/ wkh uhdghu lv uhihuuhg wr Dsshqgl{ D1

8 Frqfoxvlrqv

Qr0duelwudjh whup vwuxfwxuh prghov duh ehfrplqj lqfuhdvlqjo| lpsruwdqw wr qd0
wlrqdo uhjxodwruv dqg sudfwlwlrqhuv +vhh wkh uhfhqw HFE dqg Ihg zrunlqj sdshuv
ri Fdvvrod dqg Oxlv +2ff�,/ Eurxvvhdx +2ff2,/ Kùugdko hw do1 +2ff2,/ dqg Hydqv
dqg Pduvkdoo +2ff�,,1 Wkh iroorzlqj irxu idfwruv dffrxqw iru wkh lqfuhdvhg lqwhuhvw
lq wkhvh prghov1 Iluvw/ whup vwuxfwxuh prghov duh urrwhg lq d iudphzrun zkhuh
duelwudjh rssruwxqlwlhv duh h{foxghg lq htxloleulxp1 Jlyhq wkdw erqg pdunhwv duh
odujh dqg oltxlg/ dq| uhdvrqdeoh htxloleulxp fkdudfwhul}dwlrq ri erqg sulfhv dqg
|lhogv vkrxog h{foxgh wkh suhvhqfh ri duelwudjh rssruwxqlwlhv1 Hpslulfdo ru vwdwlv0
wlfdo prghov/ srsxodu zlwk uhjxodwruv dqg sudfwlwlrqhuv/ duh lq jhqhudo xqdeoh wr
lpsrvh wklv frqglwlrq1 Vhfrqg/ wuhphqgrxv wkhruhwlfdo surjuhvv kdv ehhq pdgh wkh
odvw ghfdgh lq lghqwli|lqj dqg uhod{lqj wkh uhvwulfwlyh dvvxpswlrqv lq wkh h{wdqw
qr0duelwudjh whup vwuxfwxuh prghov1 Iru h{dpsoh/ zkloh wkh slrqhhulqj prghov ri
Ydvlfhn +�b.., dqg Fr{ hw do1 +�bHD, dvvxphg d vlqjoh ulvn idfwru lv xqghuo|lqj wkh
|lhog fxuyh/ fruuhodwhg pxowl0idfwru prghov duh qrz vwdqgdug sudfwlfh1 Vji Wklug/ wkh

bOk
Wklv sdshu grhv qrw uhylhz wkh hpslulfdo �qglqjv zlwk uhvshfw wr wkh prghuq whup vwuxfwxuh

olwhudwxuh1 D jrrg uhylhz fdq eh irxqg lq Gdl dqg Vlqjohwrq +5335d> e,1 Gdl dqg Vlqjohwrq
suhvhqw frqfoxvlyh hylghqfh iru wkh X1V1 wkdw d sduwlfxodu prgho zlwklq wkh fodvv ri DWVPv lv
deoh wr pdwfk doo wkh nh| hpslulfdo �qglqjv uhsruwhg e| Idpd dqg Eolvv +4<;:, dqg Fdpsehoo
dqg Vkloohu +4<<4, dw wkh pd{lpxp olnholkrrg hvwlpdwhv ri wkhlu prgho sdudphwhuv1
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skhqrphqdo lqfuhdvh lq frpsxwlqj srzhu doorzv wkh h!flhqw sdqho hvwlpdwlrq ri
pxowl0idfwru prghov rq uhsuhvhqwdwlyh vdpsohv1 Zkloh uhvhdufkhuv kdg wr uhvwulfw
wkhpvhoyhv hlwkhu wr wkh furvv0vhfwlrq ru wkh wlph0vhulhv hvwlpdwlrq vhsdudwho| lq
wkh hljkwlhv dqg plg0qlqhwlhv/ sdqho gdwd whfkqltxhv duh qrz zlgho| xvhg1 Xvlqj d
sdqho gdwd iudphzrun ohdgv wr pruh h!flhqw hvwlpdwhv ri sdudphwhuv dqg wr pruh
srzhuixo vshfl�fdwlrq whvwv1 Irxuwk/ lqwhuhvwlqj iudphzrun h{whqvlrqv kdyh ehhq
hoderudwhg1 Wkh mrlqw prgholqj ri wkh whup vwuxfwxuh wrjhwkhu zlwk wkh g|qdp0
lfv ri pdfurhfrqrplf yduldeohv doorzv iru qxphurxv prqhwdu| srolf| dssolfdwlrqv
dqg lqvljkwv lq wkh zrunlqj ri wkh hfrqrp| dqg wkh irupdwlrq ri h{shfwdwlrqv +vhh
Ghzdfkwhu hw do1 +2ff2, dqg Kùugdko hw do1 +2ff2,,1 Dqrwkhu surplvlqj h{whq0
vlrq lv wkh prgholqj ri d pxowl0frxqwu| whup vwuxfwxuh e| wdnlqj wkh h{fkdqjh
udwh g|qdplfv lqwr dffrxqw/ wkhuhe| doorzlqj wr vwxg| sx}}olqj hpslulfdo lqwhuqd0
wlrqdo skhqrphqd vxfk dv wkh iruzdug suhplxp sx}}oh +vhh Eudqgw dqg Vdqwd0Fodud
+2ff2, dqg Ghzdfkwhu dqg Pdhv +2ff�,,1

Jlyhq wkdw whup vwuxfwxuh prghov duh jdlqlqj lq lpsruwdqfh iru wkh deryh
uhdvrqv/ zh uhylhz wkh ydvw olwhudwxuh lq dq lqwxlwlyh zd|1 Edvlfdoo|/ wkhuh duh wzr
pdlq dssurdfkhv wr vhw xs d qr0duelwudjh whup vwuxfwxuh prgho +htxlydohqwo|/ wr
ydoxh ]FEv dfurvv wkh pdwxulw| vshfwuxp,= pduwlqjdoh sulflqj dqg ulvn qhxwudo
sulflqj1 Zkdwhyhu wkh dssurdfk dvvxphg/ lq wkh hqg wkh xqghuo|lqj dvvxpswlrq
lv devhqfh ri duelwudjh rssruwxqlwlhv/ zklfk fdq eh xqghuvwrrg dv d jhqhudol}dwlrq
ri wkh odz ri rqh sulfh1 Devhqfh ri duelwudjh fdq eh vkrzq wr eh htxlydohqw wr wkh
h{lvwhqfh ri d sulflqj nhuqho1 Wkh sulflqj nhuqho g|qdplfv ryhu wkh olih ri wkh ]FE
ghwhuplqh lwv sulfh1 Lw wxuqv rxw wkdw wkh vkruw whup lqwhuhvw udwh ghwhuplqhv wkh
guliw/ zkloh wkh pdunhw sulfh ri ulvn ghwhuplqhv wkh yrodwlolw| ri wkh sulflqj nhuqho
g|qdplfv1 Dowhuqdwlyho|/ devhqfh ri duelwudjh fdq dovr eh vkrzq wr eh htxlydohqw
wr wkh h{lvwhqfh ri d ulvn qhxwudo suredelolw| phdvxuh1 Xqghu wkh ulvn qhxwudo
suredelolw| phdvxuh/ wkh ]FE sulfh lv wkh frqglwlrqdo h{shfwdwlrq ri wkh idfh ydoxh
glvfrxqwhg edfn lq wlph zlwk wkh ulvn iuhh udwh1 Wkh wzlvw iurp wkh wuxh wr wkh
ulvn qhxwudo phdvxuh suredelolw| phdvxuh lv dffrpsolvkhg e| wkh Udgrq0Qlnrg|p
ghulydwlyh zklfk lv ixoo| fkdudfwhul}hg e| wkh pdunhw sulfh ri ulvn1 Lq vxp/ lq
erwk duelwudjh iuhh dssurdfkhv rqo| wzr lqjuhglhqwv duh qhhghg wr vhw xs d whup
vwuxfwxuh prgho= wkh vkruw udwh dqg d pdunhw sulfh ri ulvn +yhfwru, wkdw vxppdul}hv
wkh uhodwlrqvkls ehwzhhq uhwxuq dqg uhzdug lq wkh erqg pdunhw1

E| dvvxplqj wkdw wkh vwdwh ri wkh hfrqrp| lv zhoo0ghvfulehg e| idfwruv wkdw
iroorz gl�xvlrq g|qdplfv/ idfwru0ghshqghqw h{suhvvlrqv iru sulfhv dqg |lhogv fdq
eh ghulyhg1 Pruh wkdq wzr ghfdghv ri uhvhdufk kdv uhvxowhg lq d  rz ri vhhp0
lqjo| zlgho|0gl�hulqj prghov1 Krzhyhu/ prvw h{wdqw prghov duh uhfhqwo| vkrzq wr
ehorqj wr wkh fodvv ri wkh vr0fdoohg d!qh whup vwuxfwxuh prghov1 Wkh pdlq dgydq0
wdjh ri wklv fodvv ri prghov lv lwv wudfwdelolw|/ wudqvodwlqj lq vlpsoh dqdo|wlfdo ru
ruglqdu| gl�huhqwldo htxdwlrq vroxwlrq phwkrgv1 Lq frqwudvw/ qrq0d!qh whup vwuxf0
wxuh prghov uhtxluh pruh frpsoh{ dqg wlph0frqvxplqj vlpxodwlrq0edvhg ru sduwldo
gl�huhqwldo htxdwlrq vroxwlrq phwkrgv1 Zh glvfxvv wkh ixqgdphqwdo wudgh0r� eh0
wzhhq hpslulfdo  h{lelolw| dqg wkhruhwlfdo uljru wkdw dssolhv wr doo prghov zlwklq
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wkh d!qh fodvv ri whup vwuxfwxuh prghov1 Lw wxuqv rxw wkdw wudfwdelolw| lv sdlg iru
zlwk uhvwulfwlyh dvvxpswlrqv1 Zh eulh | glvfxvv wkh qrq0d!qh prghov wkdw wu| wr
frqiurqw wkhvh zhdnqhvvhv1 Uhfhqwo|/ wkh fodvv ri txdgudwlf whup vwuxfwxuh prghov
kdv ehhq sursrvhg dqg vhhpv wr rxwshuirup wkh d!qh fodvv lq whupv ri pdwfklqj
wkh hfrqrplf prphqwv ri wkh |lhog fxuyh1 Krzhyhu/ jlyhq wkh odfn ri xqlirup
gdwd vdpsohv dqg wkh zlgho| gl�hulqj hvwlpdwlrq phwkrgv/ pxfk urexvwqhvv zrun
uhpdlqv wr eh grqh1
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Dsshqgl{= Olqnlqj wkh Whup Vwuxfwxuh ri Lqwhuhvw

Udwhv wr Rxwsxw dqg Lq dwlrq G|qdplfv

Zh zloo eulh | jlyh wkh lqwxlwlrq ri krz pdfurhfrqrplf yduldeohv fdq eh olqnhg wr
]FE sulfh g|qdplfv1 Zh xvh d vlpsoh glvfuhwh0wlph vhwxs/ edvhg xsrq Dqj dqg
Sld}}hvl +2ff�,1 Wkhuh duh edvlfdoo| wkuhh vwhsv wr vhw xs vxfk d mrlqw prgho1 Wkh
�uvw vwhs frqvlvwv ri vshfli|lqj vhsdudwh prghov iru wkh pdfur0yduldeohv dqg iru wkh
erqg sulfhv +|lhogv,1 Iru vlpsolflw|/ dvvxph Jdxvvldq yhfwru dxwruhjuhvvlrq +YDU,
g|qdplfv iru wkh rxwsxw jds } D / lq dwlrq udwh Z D / dqg wkh vkruw0whup lqwhuhvw udwh
� D =

5

9
7

} D
Z D
� D

6

:
8 � f D ' > nxf D�l�m nP0 D � +96,

Jlyhq wkh odujh oltxlglw| ri wkh erqg pdunhwv dqg wkh odujh lqyhvwphqw edqnv
wkdw vwdqg uhdg| wr h{sorlw dq| duelwudjh rssruwxqlw| wkdw dulvhv/ lw lv uhdvrqdeoh
wr lpsrvh devhqfh ri duelwudjh rssruwxqlwlhv dprqjvw wkh erqg sulfhv +|lhogv,
ri gl�huhqw pdwxulwlhv1 Vlpso| lqfoxglqj wkh |lhogv lqwr wkh deryh YDU v|vwhp
zrxog uhvxow lq wzr glvdgydqwdjhv1 Iluvw/ lq wkdw fdvh zh fdq rqo| vd| vrphwklqj
derxw wkh |lhogv wkdw duh lqfoxghg lq wkh YDU1 Lpsolfdwlrqv iru |lhogv wkdw duh qrw
lqfoxghg lq wkh YDU dqg iru qrq0pdunhwdeoh |lhogv fdqqrw eh gudzq1 Vhfrqg/ dqg
pruh lpsruwdqw/ zh fdqqrw lpsrvh wkh devhqfh ri duelwudjh dprqjvw wkh gl�huhqw
|lhogv1 Wkh glvfuhwh0wlph htxlydohqw ri rxu qr0duelwudjh htxdwlrq +2�, lv=

� nD ' .
oD k

6 D�p�m � n
l�mD�p�m l

c +97,

zkhuh ? ghqrwhv wkh wlph wr pdwxulw|/ � qD�p n ' �/ dqg 6 D�p�m vwdqgv iru wkh vwrfkdvwlf
glvfrxqw idfwru +VGI/ wkh udwlr ri wkh uhvshfwlyh sulflqj nhuqhov,1 Zh fdq vroyh
htxdwlrq +Se, iruzdug wr �qg wkdw hyhu| whup vwuxfwxuh prgho lv htxlydohqw wr d
prgho iru wkh VGI g|qdplfv +vhh Fdpsehoo/ hw do1 +�bb.,,=

� nD ' .
oD d6 D�p�m 6 D�p�r ���6 D�p

n o c +98,

*?6 D�p�m ' �� D�psm � \ t 0 D�p�m c +99,

zkhuh \ lv dvvxphg wr eh wkh pdunhw sulfh ri ulvn1 Htxdwlrq +SS, fdq eh frpsduhg
wr lwv frqwlqxrxv0wlph htxlydohqw lq htxdwlrq +2�,1

Wkh vhfrqg vwhs frqvlvwv ri hvwdeolvklqj wkh olqn ehwzhhq wkh pdfur0prgho dqg
wkh whup vwuxfwxuh prgho1 Iluvw/ lw iroorzv iurp wkh deryh vhw0xs wkdw wkh pdfur0
idfwruv hqwhu lqwr wkh guliw ri wkh sulflqj nhuqho1 Wkh wklug urz ri wkh YDU v|vwhp
lq +S�, fdq eh lqwhusuhwhg dv d Wd|oru uxoh htxdwlrq

� D�p�m ' > u nx v u[w x y f D � +9:,

Vxevwlwxwlqj wklv glvfuhwh0wlph dssur{lpdwlrq ri wkh vkruw udwh lqwr +SS, jlyhv xv
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*?6 D�p�m ' �> u � x v uzw x y f D � \ t 0 D�psm � +9;,

Vhfrqg/ iru uhdvrqv ri wudfwdelolw|/ zh uhvwulfw dwwhqwlrq wr DWVPv

� nD ' i T E�� n � � tn f D � � +9<,

Lw iroorzv wkdw sulfhv duh frqglwlrqdoo| orjqrupdo1
Ilqdoo|/ vwhs wkuhh edvlfdoo| vroyhv iru wkh |lhogv dv d ixqfwlrq ri wkh pdfur0

idfwruv/ xvlqj wkh idfw wkdw 6 D�p�m � n
l�mD�p�m lv frqglwlrqdoo| orjqrupdoo| glvwulexwhg
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Frpsxwh hdfk ri wkh �yh whupv rq wkh uljkw kdqg vlgh
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Uh0h{suhvv wkh ohiw kdqg vlgh dqg jurxs whupv dw wkh uljkw kdqg vlgh
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Htxdol}lqj frh!flhqwv dw ohiw dqg uljkw kdqg vlghv uhvxowv lq wkh iroorzlqj uhfxuvlyh
v|vwhp
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+:8,

zklfk lv wkh glvfuhwh0wlph htxlydohqw ri wkh RGH v|vwhp lq htxdwlrq +Db,1 Wkh
lqlwldo frqglwlrq iru wkh uhfxuvlyh v|vwhp lv irxqg e| uhzulwlqj � D lq wzr gl�huhqw
zd|v

� m
�

n
� tm
�

f D ' > u nx v uzw x y f D�l�m �
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Khqfh ;

A?

A=

� m ' > u

� m ' x t v uzw x y �
+:9,

Lq vxp/ Dqj dqg Sld}}hvl +2ff�, kdyh irxqg d uhodwlrqvkls ehwzhhq wkh pdfur0
yduldeohv dqg wkh |lhogv

+ nD � � *?� nD
?

+::,

'
� n
?

n
� tn
?

f D c +:;,

zkhuh wkh frh!flhqwv � n dqg � n lqfrusrudwh wkh qr0duelwudjh uhvwulfwlrqv +xqolnh
zlwk ruglqdu| ohdvw vtxduhv uhjuhvvlrqv/ vd|,1 Wkh glvfuhwh0wlph prgho �w fdq eh
hydoxdwhg hdvlo|1 Iluvw/ hvwlpdwh wkh YDU v|vwhp dqg jhw hvwlpdwhv iru >/ x/ dqg
P1 Wkhq/ frpsxwh wkh ordglqjv � m c � m c � r c � r c hwf1 uhfxuvlyho| +dvvxph \ }hur iru
frqyhqlhqfh,1 Ilqdoo|/ frpsxwh prgho0lpsolhg |lhogv + nD ' � n *?n E� tn *?�f D / dqg
frpsduh wkhp wr wkh dfwxdoo| revhuyhg |lhogv wr jdxjh wkh �w1 Ghzdfkwhu hw do1
+2ff�@, �qg wkdw wklv vlpsoh glvfuhwh0wlph Ydvlfhn +�b.., prgho vkrzv d jrrg �w
dw wkh vkruw hqg/ exw d edg �w dw wkh orqj hqg ri wkh |lhog fxuyh1 Wkhlu frqfoxvlrq
lv wkdw revhuyhg pdfurhfrqrplf yduldeohv idlo wr h{sodlq wkh |lhog fxuyh dw wkh orqj
hqg1 Wkh| vkrz wkdw wkh lqfoxvlrq ri xqrevhuyhg yduldeohv fdq dffrpprgdwh wkh
|lhog fxuyh ehkdylru erwk dw wkh vkruw dqg orqj hqg ri wkh |lhog fxuyh/ zkhuh wkh
xqrevhuyhg yduldeohv fdq eh jlyhq d suhflvh hfrqrplf lqwhusuhwdwlrq1
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Uhihuhqfhv

Dkq/ G10K1/ U1 Glwwpdu/ dqg U1 Jdoodqw +2ff2,/ �Txdgudwlf Whup Vwuxf0
wxuh Prghov= Wkhru| dqg Hylghqfh�/ Uhylhz ri Ilqdqfldo Vwxglhv/ 48/ 4/
57605;;1

Dkq/ G10K1/ U1 Glwwpdu/ U1 Jdoodqw/ dqg E1 Jdr +2ff2,/ �Sxuheuhg ru
K|eulgB Uhsurgxflqj wkh Yrodwlolw| lq Whup Vwuxfwxuh G|qdplfv�/ iruwk0
frplqj lq Mrxuqdo ri Hfrqrphwulfv1

Dkq/ G10K1/ dqg E1 Jdr +�bbb,/ �D Sdudphwulf Qrqolqhdu Prgho ri Whup
Vwuxfwxuh G|qdplfv�/ Uhylhz ri Ilqdqfldo Vwxglhv/ 45/ :540:951

Dlw0Vdkdold/ \1 +�bbS@,/ �Qrqsdudphwulf Sulflqj ri Lqwhuhvw Udwh Ghulydwlyh
Vhfxulwlhv�/ Hfrqrphwulfd/ 97/ 6/ 85:08931

Dlw0Vdkdold/ \1 +�bbSK,/ �Whvwlqj Frqwlqxrxv0Wlph Prghov ri wkh Vsrw Lqwhuhvw
Udwh�/ Uhylhz ri Ilqdqfldo Vwxglhv/ </ 6;807591

Dlw0Vdkdold/ \1 +�bbb,/ �Wudqvlwlrq Ghqvlwlhv iru Lqwhuhvw Udwh dqg Rwkhu Qrq0
olqhdu Gl�xvlrqv�/ Mrxuqdo ri Ilqdqfh/ 87/ 4694046<81

Dlw0Vdkdold/ \1 +2ff2,/ �Whoolqj iurp Glvfuhwh0Wlph Gdwd Zkhwkhu wkh Xq0
ghuo|lqj Frqwlqxrxv0Wlph Prgho lv d Gl�xvlrq�/ Mrxuqdo ri Ilqdqfh/ 8:/
53:8054451

Dlw0Vdkdold/ \1/ dqg U1 Nlppho +2ff2,/ �Hvwlpdwlqj D!qh Pxowlidfwru Whup
Vwuxfwxuh Prghov Xvlqj Forvhg0Irup Olnholkrrg H{sdqvlrqv�/ zrunlqj sd0
shu/ Sulqfhwrq Xqlyhuvlw|1

Dqghuvhq/ W1/ dqg M1 Oxqg +�bb.,/ �Hvwlpdwlqj Frqwlqxrxv0Wlph Vwrfkdvwlf
Yrodwlolw| Prghov ri wkh Vkruw0Whup Lqwhuhvw Udwh�/ Mrxuqdo ri Hfrqrphwulfv/
:5/ 67606::1

Dqj/ D1/ dqg P1 Sld}}hvl +2ff2,/ �D Qr0Duelwudjh Yhfwru Dxwruhjuhvvlrq
ri Whup Vwuxfwxuh G|qdplfv zlwk Pdfurhfrqrplf dqg Odwhqw Yduldeohv�/
QEHU zrunlqj sdshu ;696/ iruwkfrplqj lq wkh Mrxuqdo ri Prqhwdu| Hfr0
qrplfv1

Dqj/ D1/ P1 Sld}}hvl/ dqg P1 Zhl +2ff�,/ �Zkdw grhv wkh \lhog Fxuyh Whoo
xv derxw JGS JurzwkB�/ Zrunlqj Sdshu XFOD1

Edfkholhu/ O1 +�bff,/ �Wkìrulh gh od Vsìfxodwlrq�/ Dqqdohv Vflhqwl�txhv gh
o*Hfroh Qrupdoh Vxsìulhxuh/ 6/ 4:/ 540;;1 Wudqvodwlrq lq �Wkh Udqgrp Fkdu0
dfwhu ri Vwrfn Pdunhw Sulfhv�/ hg1 Sdxo Frrwqhu/ 4:0:<1 Fdpeulgjh/ Pdvv1
PLW Suhvv/ 4<971
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Edfn/ N1 +�bbS,/ �\lhog Fxuyh Prghov= D Pdwkhpdwlfdo Uhylhz�/ lq Rswlrq
Hpehgghg Erqgv= Sulfh Dqdo|vlv/ Fuhglw Ulvn/ dqg Lqyhvwphqw Vwudwhjlhv/ L1
Qhonlq/ hg1/ Luzlq1

Edfnxv/ G1/ V1 Iruhvl/ D1 Pr}xpgdu/ dqg O1 Zx +2ff�@,/ �Suhglfwdeoh
Fkdqjhv lq \lhogv dqg Iruzdug Udwhv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 8</
6/ 5;406441

Edfnxv/ G1/ V1 Iruhvl/ dqg F1 Whophu +2ff�K,/ �D!qh Prghov ri Fxu0
uhqf| Sulflqj= Dffrxqwlqj iru wkh Iruzdug Suhplxp Dqrpdo|�/ Mrxuqdo ri
Ilqdqfh/ 89/ 4/ 5:<06371

Edfnxv/ G1/ F1 Whophu/ dqg O1 Zx +�bbb,/ �Ghvljq dqg Hvwlpdwlrq ri D!qh
\lhogPrghov�/ zrunlqj sdshu/ Judgxdwh Vfkrro ri Lqgxvwuldo Dgplqlvwudwlrq/
Fduqhjlh Phoorq Xqlyhuvlw|1

Edogx}}l/ S1/ V1 Gdv/ V1 Iruhvl/ dqg U1 Vxqgdudp +�bbS,/ �D Vlpsoh
Dssurdfk wr Wkuhh Idfwru D!qh Prghov ri wkh Whup Vwuxfwxuh�/ Mrxuqdo ri
Il{hg Lqfrph/ 9/ 6/ 760861

Edogx}}l/ S1/ V1 Gdv/ V1 Iruhvl/ dqg U1 Vxqgdudp +2fff,/ �Vwrfkdvwlf
Phdq Prghov ri wkh Whup Vwuxfwxuh�/ Fkdswhu 8 lq Dgydqfhg Wrrov iru wkh
Il{hg0Lqfrph Surihvvlrqdo/ Q1 Mhjdghhvk dqg E1 Wxfnpdq/ hgv1/ Mrkq Zloh|
) Vrqv/ Lqf1/ 45;04941

Edoo/ F1/ dqg Z1 Wrurxv +�bbS,/ �Xqlw Urrwv dqg wkh Hvwlpdwlrq ri lqwhuhvw
Udwh G|qdplfv�/ Mrxuqdo ri Hpslulfdo Ilqdqfh/ 6/ 548056;1

Edqvdo/ U1 +�bbD,/ �Wkh G|qdplfv ri Pxowlsoh Whup Vwuxfwxuhv dqg H{fkdqjh
Udwh Pryhphqwv�/ zrunlqj sdshu/ Ixtxd vfkrro ri Exvlqhvv/ Gxnh Xqlyhuvlw|1

Edqvdo/ U1 +�bb.,/ �Dq H{sorudwlrq ri wkh Iruzdug Suhplxp Sx}}oh lq Fxuuhqf|
Pdunhwv�/ Uhylhz ri Ilqdqfldo Vwxglhv/ 43/ 5/ 69<07361

Ehdjohkroh/ G1/ dqg P1 Whqqh| +�bb2,/ �D Qrqolqhdu Htxloleulxp Prgho ri
wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv= Fruuhfwlrqv dqg Dgglwlrqv�/ Mrxuqdo
ri Ilqdqfldo Hfrqrplfv/ 65/ 67806871

Ehndhuw/ J1/ P1 Zhl/ dqg \1 [lqj +2ff2,/ �Xqfryhuhg Lqwhuhvw Udwh Sdulw|
dqg wkh Whup Vwuxfwxuh�/ Zrunlqj Sdshu QEHU ;:<81

Ehudugl/ D1 +2ff�,/ �Krz Vwurqj lv wkh Uhodwlrq Ehwzhhq wkh Whup Vwuxfwxuh/
Lq dwlrq dqg JGSB�/ zrunlqj sdshu/ Xqlyhuvlwã gl Yhurqd1

Ehun/ M1P1/ dqg S1 Ydq Ehujhlmn +2fff,/ �Lv wkh \lhog Fxuyh d Xvhixo Lq0
irupdwlrq Yduldeoh iru wkh Hxurv|vwhpB�/ HFE Zrunlqj Sdshu Vhulhv/ Qr1
441
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Ehuwvlpdv/ G1/ O1 Nrjdq/ dqg D1 Or +2fff,/ �Zkhq lv Wlph FrqwlqxrxvB�/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 88/ 4:605371

Eodfn/ I1/ H1 Ghupdq/ dqg Z1 Wr| +�bbf,/ �D Rqh Idfwru Prgho ri Lqwhuhvw
Udwhv dqg Lwv Dssolfdwlrq wr Wuhdvxu| Erqg Rswlrqv�/ Ilqdqfldo Dqdo|vwv
Mrxuqdo/ 6606<1

Eodfn/ I1/ dqg P1 Vfkrohv +�b.�,/ �Wkh Sulflqj ri Rswlrqv dqg Frusrudwh
Oldelolwlhv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;4/ 96:09871

Eolvv/ U1 +�bb.,/ �Pryhphqwv lq wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Ihghudo
Uhvhuyh Edqn ri Dwodqwd/ Hfrqrplf uhylhz/ Irxuwk Txduwhu1

Eroghu/ G1 +2ff�,/ �D!qh Whup0Vwuxfwxuh Prghov= Wkhru| dqg Lpsohphqwd0
wlrq�/ zrunlqj sdshu/ Edqn ri Fdqdgd1

Erxgrxnk/ M1/ P1 Ulfkdugvrq/ U1 Vwdqwrq/ dqg U1 Zklwhodz +�bbH,/
�Wkh Vwrfkdvwlf Ehkdylru ri Lqwhuhvw Udwhv= Lpsolfdwlrqv iurp d pxowlidfwru/
Qrqolqhdu Frqwlqxrxv0Wlph Prgho�/ zrunlqj sdshu/ Qhz \run Xqlyhuvlw|1

Eudqgw/ P1/ dqg S1 Kh +2ff2,/ �Vlpxodwhg Olnholkrrg Hvwlpdwlrq ri D!qh
Whup Vwuxfwxuh Prghov Iurp Sdqho Gdwd�/ zrunlqj sdshu/ Zkduwrq Vfkrro
ri Exvlqhvv/ Xqlyhuvlw| ri Shqqv|oydqld1

Eudqgw/ P1/ dqg S1 Vdqwd0Fodud +2ff2,/ �Vlpxodwhg Olnholkrrg Hvwlpdwlrq
ri Gl�xvlrqv zlwk dq Dssolfdwlrq wr H{fkdqjh Udwh G|qdplfv lq Lqfrpsohwh
Pdunhwv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 96/ 5/ 49405431

Eudqgw/ P1/ dqg D1 \durq +2ff�,/ �Wlph0Frqvlvwhqw Qr0Duelwudjh Prghov ri
wkh Whup Vwuxfwxuh�/ zrunlqj sdshu/ Zkduwrq Vfkrro ri Exvlqhvv/ Xqlyhuvlw|
ri Shqqv|oydqld1

Euhqqdq/ P1/ dqg H1 Vfkzduw} +�b.b,/ �D Frqwlqxrxv Wlph Dssurdfk wr
wkh Sulflqj ri Erqgv�/ Mrxuqdo ri Edqnlqj dqg Ilqdqfh/ 6/ 46604881

Euhqqdq/ P1/ dqg H1 Vfkzduw} +�bH2,/ �Dq HtxloleulxpPrgho ri Erqg Sulf0
lqj dqg d Whvw ri Pdunhw h!flhqf|�/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh
Dqdo|vlv/ 43/ <3:0<5<1

Eurxvvhdx/ Y1 +2ff2,/ �Wkh Ixqfwlrqdo Irup ri \lhog Fxuyhv�/ HFE Zrunlqj
Sdshu Vhulhv/ Qr1 47;1

Exudvfkl/ D1/ dqg D1 Mlowvry +2ff2,/ �Lv Lq dwlrq Ulvn SulfhgB�/ zrunlqj
sdshu/ Orqgrq Exvlqhvv Vfkrro1

Fdpsehoo/ M1 +2fff,/ �Dvvhw Sulflqj dw wkh Ploohqqlxp�/ Mrxuqdo ri Ilqdqfh/
88/ 48480489:1
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Fdpsehoo/ M1/ dqg U1 Vkloohu +�bb�,/ �\lhog Vsuhdgv dqg Lqwhuhvw Udwh Pryh0
phqwv= D Elug*v H|h Ylhz�/ Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 7<808471

Fdvvrod/ Q1/ dqg M1 Oxlv +2ff�,/ �D Wzr0Idfwru Prgho ri wkh Jhupdq Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv�/ HFE Zrunlqj Sdshu Vhulhv/ Qr1 791

Fkdq/ N10F1/ D1 Nduro|l/ I1 orqjvwdii/ dqg D1 Vdxqghuv +�bb2,/ �Dq
Hpslulfdo Frpsdulvrq ri Dowhuqdwlyh Prghov ri wkh Vkruw0Whup Lqwhuhvw
Udwh�/ Mrxuqdo ri Ilqdqfh/ 7:/ 453<0455:1

Fkdspdq/ G1/ M1 Orqj/ dqg Q1 Shduvrq +�bbb,/ �Xvlqj Sur{lhv iru wkh
Vkruw Udwh= Zkhq Duh Wkuhh Prqwkv Olnh dq LqvwdqwB�/ Uhylhz ri Ilqdqfldo
Vwxglhv/ 45/ 7/ :960;391

Fkdspdq/ G1/ dqg Q1 Shduvrq +2fff,/ �Lv wkh Vkruw Udwh Guliw Dfwxdoo|
QrqolqhduB�/ Mrxuqdo ri Ilqdqfh/ 88/ 4/ 68806;;1

Fkdspdq/ G1/ dqg Q1 Shduvrq +2ff�,/ �Uhfhqw Dgydqfhv lq Hvwlpdwlqj Whup
Vwuxfwxuh Prghov�/ Ilqdqfldo Dqdo|vwv Mrxuqdo/ 8:/ 7/ ::0<81

Fkhq/ U10U1/ dqg O1 Vfrww +�bb2,/ �Sulflqj Lqwhuhvw Udwh Rswlrqv lq d Wzr0
Idfwru Fr{0Lqjhuvroo0Urvv Prgho ri wkh Whup Vwuxfwxuh�/ Uhylhz ri Ilqdqfldo
Vwxglhv/ 8/ 7/ 94609691

Fkhq/ U10U1/ dqg O1 Vfrww +�bb�,/ �Pd{lpxp Olnholkrrg Hvwlpdwlrq iru d
Pxowl0Idfwru Htxloleulxp Prgho ri wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/
Mrxuqdo ri Il{hg Lqfrph/ 6/ 470641

Fkhq/ U10U1/ dqg O1 Vfrww +�bbD,/ �Pxowl0Idfwru Fr{0Lqjhuvroo0Urvv Prghov
ri wkh Whup Vwuxfwxuh= Hvwlpdwhv dqg Whvwv iurp d Ndopdq Ilowhu Prgho�/
zrunlqj sdshu/ Uxwjhuv Xqlyhuvlw| dqg Xqlyhuvlw| ri Jhrujld1

Frfkudqh/ M1 +2ff�,/ Dvvhw Sulflqj/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz
Mhuvh|1

Frqvwdqwlqlghv/ J1 +�bb2,/ �D Wkhru| ri wkh Qrplqdo Whup Vwuxfwxuh ri Lq0
whuhvw Udwhv�/ Uhylhz ri Ilqdqfldo vwxglhv/ 8/ 7/ 86408851

Frxuwdxow/ M10P1/ \1 Ndedqry/ E1 Eux/ S1 Fuhsho/ L1 Oherq/ dqg D1

Oh Pdufkdqg +2fff,/ �Orxlv Edfkholhu= Rq wkh Fhqwhqdu| ri Wkìrulh gh
od Vsìfxodwlrq�/ Pdwkhpdwlfdo Ilqdqfh/ 43/ 6/ 67406861

Fr{/ M1/ M1 Lqjhuvroo/ dqg V1 Urvv +�bH�,1 �D Uh0H{dplqdwlrq ri Wudglwlrqdo
K|srwkhvhv derxw wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Mrxuqdo ri Ilqdqfh/
69/ :9<0:<<1
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Fr{/ M1/ M1 Lqjhuvroo/ dqg V1 Urvv +�bHD@,1 �D Wkhru| ri wkh Whup Vwuxfwxuh
ri Lqwhuhvw Udwhv�/ Hfrqrphwulfd/ 86/ 5/ 6;807391

Fr{/ M1/ M1 Lqjhuvroo/ dqg V1 Urvv +�bHDK,1 �Dq Lqwhuwhpsrudo Jhqhudo
Htxloleulxp Prgho ri Dvvhw Sulfhv�/ Hfrqrphwulfd/ 86/ 5/ 69606;71

Gdl/ T1/ dqg N1 Vlqjohwrq +2fff,/ �Vshfl�fdwlrq Dqdo|vlv ri D!qh Whup
Vwuxfwxuh Prghov�/ Mrxuqdo ri Ilqdqfh/ 88/ 8/ 4<7604<:;1

Gdl/ T1/ dqg N1 Vlqjohwrq +2ff2@,/ �H{shfwdwlrq Sx}}ohv/ Wlph0Ydu|lqj Ulvn
Suhpld/ dqg G|qdplf Prghov ri wkh Whup Vwuxfwxuh�/ Mrxuqdo ri Ilqdqfldo
Hfrqrplfv/ 96/ 61

Gdl/ T1/ dqg N1 Vlqjohwrq +2ff2K,/ �Whup Vwuxfwxuh G|qdplfv lq Wkhru| dqg
Uhdolw|�/ iruwkfrplqj lq wkh Uhylhz ri Ilqdqfldo Vwxglhv1

Gdl/ T1/ dqg N1 Vlqjohwrq +2ff2S,/ �Il{hg Lqfrph Sulflqj�/ plphr1

Gdv/ V1 +2fff,/ �Lqwhuhvw Udwh Prgholqj zlwk Mxps0Gl�xvlrq Surfhvvhv/� Dg0
ydqfhg Wrrov iru wkh Il{hg0Lqfrph Surihvvlrqdo/ hglwhg e| Q1 Mhjdghhvk dqg
E1 Wxfnpdq/ Mrkq Zloh| ) Vrqv/ Lqf1/ 49504;<1

Gdv/ V1 +2ff2,/ �Wkh Vxusulvh Hohphqw= Mxpsv lq Lqwhuhvw Udwhv�/ Mrxuqdo ri
Hfrqrphwulfv/ 439/ 5:0981

Ghq Kddq/ Z1 +�bbD,/ �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv lq Uhdo dqg
Prqhwdu| Hfrqrplhv�/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 4</ 829/
<3<0<731

Ghzdfkwhu/ K1/ dqg P1 O|ulr +2ff�,/ �Pdfur Idfwruv dqg wkh Whup Vwuxfwxuh
ri Lqwhuhvw Udwhv�/ zrunlqj sdshu/ NXOhxyhq FHV GS 36137/ iruwkfrplqj lq
wkh Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj1

Ghzdfkwhu/ K1/ P1 O|ulr/ dqg N1 Pdhv +2ff�@,/ �Hvwlpdwlrq ri d Mrlqw
Prgho iru wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv dqg wkh Pdfurhfrqrp|�/
zrunlqj sdshu/ NXOhxyhq FHV GS 3414;1

Ghzdfkwhu/ K1/ P1 O|ulr/ dqg N1 Pdhv +2ff2,/ �Wkh H�hfw ri Prqhwdu|
Xql�fdwlrq rq Jhupdq Erqg Pdunhwv�/ iruwkfrplqj lq Hxurshdq Ilqdqfldo
Pdqdjhphqw1

Ghzdfkwhu/ K1/ dqg N1 Pdhv +2fff,/ �Ilwwlqj Fruuhodwlrqv Zlwklq dqg Eh0
wzhhq Erqg Pdunhwv�/ zrunlqj sdshu/ NXOhxyhq FHV GS 331381

Ghzdfkwhu/ K1/ dqg N1 Pdhv +2ff�,/ �Dq Dgplvvleoh D!qh Prgho iru Mrlqw
Whup Vwuxfwxuh G|qdplfv ri Lqwhuhvw Udwhv�/ zrunlqj sdshu/ NXOhxyhq FHV
GS 341391
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Ghzdfkwhu/ K1/ N1 Pdhv/ dqg N1 Vphgwv +2ff�,/ �Prqhwdu| Xql�fdwlrq dqg
wkh Sulfh ri Ulvn= dq Xqfrqglwlrqdo dqdo|vlv�/ Zhowzluwvfkdiwolfkhv Dufkly/
Yro1 46</ Qr1 51

Grwkdq/ P1 +�b.H,/ �Rq wkh Whup Vwuxfwxuh ri Lqwhuhvw udwhv�/ Mrxuqdo ri
Ilqdqfldo hfrqrplfv/ :/ 55<06;51

Grwkdq/ P1 +�bbf,/ Sulfhv lq Ilqdqfldo Pdunhwv/ R{irug Xqlyhuvlw| Suhvv1

Gxduwh/ M1 +2fff,/ �Wkh Uhohydqfh ri wkh Sulfh ri Ulvn lq D!qh Whup Vwuxfwxuh
Prghov�/ zrunlqj sdshu/ Xqlyhuvlw| ri Fklfdjr1

Gxiihh/ J1 +2ff2,/ �Whup Suhpld dqg Lqwhuhvw Udwh Iruhfdvwv lq D!qh Prghov�/
Mrxuqdo ri Ilqdqfh/ 8:/ 73807761

Gxiilh/ G1 +2ff�,/ G|qdplf Dvvhw Sulflqj Wkhru|/ Sulqfhwrq Xqlyhuvlw| Suhvv/
Sulqfhwrq/ Qhz Mhuvh|/ �ug hglwlrq1

Gxiilh/ G1/ dqg U1 Ndq +�bbS,/ �D \lhog0Idfwru Prgho ri Lqwhuhvw Udwhv�/
Pdwkhpdwlfdo Ilqdqfh/ 9/ 7/ 6:<07391

Gxiilh/ G1/ dqg N1 Vlqjohwrq +�bb.,/ �Dq Hfrqrphwulf Prgho ri wkh Whup
Vwuxfwxuh ri Lqwhuhvw0Udwh Vzds \lhogv�/ Mrxuqdo ri Ilqdqfh/ 85/ 7/ 45;:0
46541

Gxiilh/ G1/ dqg N1 Vlqjohwrq +�bbb,/ �Prgholqj Whup Vwuxfwxuh Prghov ri
Ghidxowdeoh Erqgv�/ Uhylhz ri Ilqdqfldo Vwxglhv/ 45/ 9;:0:531

G|eylj/ S1/ dqg M1 Lqjhuvroo +�bbS,/ �Orqj Iruzdug dqg ]hur Frxsrq Udwhv
Fdq Qhyhu Idoo�/ Mrxuqdo ri Exvlqhvv/ 9</ 41

Hlqvwhlq/ D1 +�bfD,/ �Rq wkh Pryhphqw ri Vpdoo Sduwlfohv Vxvshqghg lq d Vwd0
wlrqdu| Oltxlg Ghpdqghg e| wkh Prohfxodu0Nlqhwlf Wkhru| ri Khdw�/ Dqqdov
ri Sk|vlfv/ 4:1

Hvwuhood/ D1 dqg J1 Kdugrxyholv +�bb�,/ �Wkh Whup Vwuxfwxuh dv Suhglfwru
ri Uhdo Hfrqrplf Dfwlylw|�/ Mrxuqdo ri Ilqdqfh/ 79/ 88808:91

Hvwuhood/ D1 dqg I1 Plvknlq +�bbS,/ �Wkh \lhog Fxuyh dv d Suhglfwru ri
X1V1 Uhfhvvlrqv�/ Fxuuhqw Lvvxhv lq Hfrqrplfv dqg Ilqdqfh/ Ihghudo Uhvhuyh
Edqn ri Qhz \run/ 5/ 4091

Hvwuhood/ D1 dqg I1 Plvknlq +�bb.,/ �Wkh Suhglfwlyh Srzhu ri wkh Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv lq Hxursh dqg wkh Xqlwhg Vwdwhv= Lpsolfdwlrqv
iru wkh Hxurshdq Fhqwudo Edqn�/ Hxurshdq Hfrqrplf Uhylhz/ 74/ 46:8047341
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Hvwuhood/ D1 dqg I1 Plvknlq +�bbH,/ �Suhglfwlqj X1V1 Uhfhvvlrqv= Ilqdqfldo
Yduldeohv dv Ohdglqj Lqglfdwruv�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 4/ 780
941

Hydqv/ F1 dqg G1 Pduvkdoo +2ff�,/ �Hfrqrplf Ghwhuplqdqwv ri wkh Qrplqdo
Wuhdvxu| \lhog Fxuyh�/ plphr/ Ihghudo Uhvhuyh Edqn ri Fklfdjr1

Idpd/ H1/ dqg U1 Eolvv +�bH.,/ �Wkh Lqirupdwlrq lq Orqj0Pdwxulw| Iruzdug
Udwhv�/ Dphulfdq Hfrqrplf Uhylhz/ ::/ 7/ 9;309<51

Ilolsrylf/ G1 +2fff,/ �H{srqhqwldo0sro|qrpldo idplolhv dqg wkh Whup Vwuxfwxuh
ri Lqwhuhvw Udwhv�/ Ehuqrxool/ Qr1 91

Ilvkhu/ P1 +2ff�,/ �Irufhv wkdw Vkdsh wkh \lhog Fxuyh= Sduwv 4 dqg 5�/ zrunlqj
sdshu/ Ihghudo Uhvhuyh Edqn ri Dwodqwd1

Ilvkhu/ P1/ dqg F1 Jloohv +�bbS,/ �Hvwlpdwlqj H{srqhqwldo0D!qh Prghov
ri wkh Whup Vwuxfwxuh�/ Zrunlqj Sdshu/ Erdug ri Jryhuqruv ri wkh Ihghudo
Uhvhuyh V|vwhp/ Zdvklqjwrq GF1

Iohplqj/ P1 dqg H1 Uhprorqd +2ff�,/ �Wkh Whup Vwuxfwxuh ri Dqqrxqfh0
phqw h�hfwv�/ Vwd� Uhsruw Qr1 :9/ Ihghudo Uhvhuyh Edqn ri Qhz \run1

Jlevrq/ U1/ I10V1 Okdelwdqw/ dqg G1 Wdod| +2ff�,/ �Prgholqj wkh Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv= D Uhylhz ri wkh Olwhudwxuh�/ zrunlqj sdshu/
K1H1F1/ Xqlyhuvlw| ri Odxvdqqh1

Jrogvwhlq/ U1 +�bb.,/ �Lghqwli|lqj wkh Fodvv ri Whup Vwuxfwxuh Prghov Srvvhvv0
lqj Forvhg0Irup Vroxwlrqv iru Erqg dqg Erqg0Rswlrq Sulfhv= dq H{shfwdwlrq
Dssurdfk�/ zrunlqj sdshu/ Ilvkhu Froohjh ri Exvlqhvv/ Rklr Vwdwh Xqlyhuvlw|

Kduulvrq/ P1/ dqg G1 Nuhsv +�b.b,/ �Pduwlqjdohv dqg Duelwudjh lq Pxowl0
shulrg Vhfxulw| Pdunhwv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 53/ 6;4073;1

Kduulvrq/ P1/ dqg V1 Solvnd +�b.b,/ �Pduwlqjdohv dqg Vwrfkdvwlf Lqwhjudov l
wkh Wkhru| ri Frqwlqxrxv Wudglqj�/ Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfd0
wlrqv/ 4/ 54805931

Khdwk/ G1/ U1 Mduurz/ dqg D1 Pruwrq +�bb2,/ �Erqg Sulflqj dqg wkh
Whup Vwuxfwxuh ri Lqwhuhvw Udwhv= D Qhz Phwkrgrorj| iru Frqwlqjhqw Fodlp
Ydoxdwlrq�/ Hfrqrphwulfd/ 93/ ::04391

Kr/ W1/ dqg V10E1 Ohh +�bHS,/ �Whup Vwuxfwxuh Pryhphqwv dqg Sulflqj Frq0
wlqjhqw Fodlpv�/ Mrxuqdo ri Ilqdqfh/ 74/ 43440435<1

Krugdko/ S1/ R1 wulvwdql/ dqg G1 Yhvwlq +2ff2,/ �D Mrlqw Hfrqrphwulf
Prgho ri Pdfurhfrqrplf dqg Whup Vwuxfwxuh G|qdplfv�/ plphr/ HFE1
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Kxoo/ M1/ dqg D1 Zklwh +�bbf,/ �Sulflqj Lqwhuhvw Udwh Ghulydwlyh Vhfxulwlhv�/
Uhylhz ri Ilqdqfldo Vwxglhv/ 6/ 8:608<51

Loopdqhq/ D1 +�bbD,/ �Xqghuvwdqglqj wkh \lhog Fxuyh Sduw L 0 YLL�/ vhulhv ri
zrunlqj sdshuv/ Il{hg Lqfrph Uhvhdufk/ Vdorprq Eurwkhuv1

Lqjhuvroo/ M1 +�bH.,/ Wkhru| ri Ilqdqfldo Ghflvlrq pdnlqj/ Urzpdq dqg Olw0
woh�hog Sxeolvkhuv/ Lqf1/ Wrwrzd/ Q1M1

Lwr/ N1 +�bD�,/ �Rq Vwrfkdvwlf Gl�huhqwldo Htxdwlrqv�/ Phprluv/ Dphulfdq
Pdwkhpdwlfdo Vrflhw|/ 7/ 4�841

Mdpvklgldq/ I1 +�bHb,/ �Dq H{dfw Erqg Rswlrq Irupxod�/ Mrxuqdo ri Ilqdqfh/
77/ 538053<1

Mrulrq/ S1/ dqg U1 Plvknlq +�bb�,/ �D Pxowl0Frxqwu| Frpsdulvrq ri Whup
Vwuxfwxuh Iruhfdvwv dw Orqj Krul}rqv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 8<0
;31

Ndudw}dv/ L1/ dqg V1 Vkuhyh +�bHH,/ Phwkrgv ri Pdwkhpdwlfdo Ilqdqfh/ Ds0
solfdwlrqv ri Pdwkhpdwlfv/ Vsulqjhu0Yhuodj/ Ehuolq1

Ndudw}dv/ L1/ dqg V1 Vkuhyh +�bb�,/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofx0
oxv/ Vsulqjhu0Yhuodj/ Ehuolq/ 5qg Hglwlrq1

Odqjhwlhj/ W1 +�bHf,/ �D Pxowlyduldwh Prgho ri wkh Whup Vwuxfwxuh�/ Mrxuqdo
ri Ilqdqfh/ 68/ :40<:1

Ohlssrog/ P1/ dqg O1 Zx +2ff�,/ �Ghvljq dqg Hvwlpdwlrq ri Txdgudwlf Whup
Vwuxfwxuh Prghov�/ iruwkfrplqj lq wkh Hxurshdq Ilqdqfh Uhylhz1

Ohlssrog/ P1/ dqg O1 Zx +2ff2,/ �Dvvhw Sulflqj xqghu wkh Txdgudwlf Fodvv�/
Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 6:/ 5/ ss1 5:405<91

Olwwhupdq/ U1/ dqg M1 Vfkhlqnpdq +�bHH,/ �Frpprq Idfwruv D�hfwlqj
Erqg Uhwxuqv�/ Mrxuqdo ri Il{hg lqfrph/ 4/ 870941

Orqjvwdii/ I1 +�bHb,/ �D Qrq0Olqhdu Jhqhudo Htxloleulxp Prgho ri wkh Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Mrxuqdo ri Ilqdqfh/ 56/ 458<045;51

Orqjvwdii/ I1/ dqg H1 Vfkzduw} +�bb2@,/ �Lqwhuhvw Udwh Yrodwlolw| dqg wkh
Whup Vwuxfwxuh= D Wzr Idfwru Jhqhudo Htxloleulxp prgho�/ Mrxuqdo ri Il0
qdqfh/ 7:/ 458<045;51

Orqjvwdii/ I1/ dqg H1 Vfkzduw} +�bb2K,/ �D Wzr0Idfwru Lqwhuhvw Udwh
Prgho dqg Frqwlqjhqw Fodlpv Ydoxdwlrq�/ Mrxuqdo ri Il{hg Lqfrph/ 490561
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Ox/ E1 +�bbb,/ �Dq Hpslulfdo Dqdo|vlv ri wkh Frqvwdqwlqlghv Prgho ri wkh Whup
Vwuxfwxuh�/ zrunlqj sdshu/ Xqlyhuvlw| ri Plfkljdq1

Oxqg/ M1 +�bb.@,/ �Hfrqrphwulf Dqdo|vlv ri Frqwlqxrxv0Wlph Duelwudjh0Iuhh
Prghov ri wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ zrunlqj sdshu/ Ddukxv
Vfkrro ri Exvlqhvv1

Oxqg/ M1 +�bb.K,/ �Qrqolqhdu Ndopdq Ilowhulqj whfkqltxhv iru Whup Vwuxfwxuh
Prghov�/ zrunlqj sdshu/ Ddukxv Vfkrro ri Exvlqhvv/ Ghsduwphqw ri Ilqdqfh1

Oxqg/ M1 +�bbH,/ �Uhylhz ri Frqwlqxrxv0Wlph Whup Vwuxfwxuh Prghov= Sduw
L= Htxloleulxp +fodvvlfdo, Prghov/ Sduw LL= Duelwudjh0Iuhh Prghov�/ zrunlqj
sdshu/ Ddukxv Vfkrro ri Exvlqhvv1

Oxqg/ M1 +�bbb,/ �D Prgho iru Vwxg|lqj wkh H�hfw ri HPX rq Hxurshdq \lhog
Fxuyhv�/ Hxurshdq Ilqdqfh Uhylhz/ 5/ 65406961

Pdqnlz/ J1 +�bHS,/ �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv Uhylvlwhg�/ Eurrn0
lqjv Sdshuv rq Hfrqrplf Dfwlylw|/ 4/ 9404431

Pholqr/ D1 +�bHS,/ �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv= Hylghqfh dqg Wkh0
ru|�/ zrunlqj sdshu QEHU 4;5;1

Plnrvfk/ W1 +�bbb,/ Hohphqwdu| Vwrfkdvwlf Fdofxoxv Zlwk Ilqdqfh lq Ylhz/
Dgydqfhg Vhulhv rq Vwdwlvwlfdo Vflhqfh ) Dssolhg Suredelolw|/ Yroxph 91

Plvknlq/ I1 +2ff�,/ Wkh Hfrqrplfv ri Prqh|/ Edqnlqj/ dqg Ilqdqfldo Pdunhwv/
9wk hglwlrq/ Dgglvrq Zhvoh|1

Qhiwfl/ V1 +�bbS,/ Dq Lqwurgxfwlrq wr wkh Pdwkhpdwlfv ri Ilqdqfldo Ghulydwlyhv/
Dfdghplf Suhvv1

Qhovrq/ F1/ dqg D1 Vlhjho +�bH.,/ �Sduvlprqlrxv Prghoolqj ri \lhog Fxuyhv�/
Mrxuqdo ri Exvlqhvv/ Yro1 93/ Qr1 71

Qrzpdq/ N1 +�bb.,/ �Jdxvvldq Hvwlpdwlrq ri Vlqjoh0Idfwru Frqwlqxrxv Wlph
Prghov ri wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Mrxuqdo ri Ilqdqfh/ 85/
49<804:391

Revwihog/ P1/ dqg N1 Urjrii +2fff,/ �Wkh Vl{ Pdmru Sx}}ohv lq Lqwhuqd0
wlrqdo Pdfurhfrqrplfv= Lv Wkhuh d Frpprq FdxvhB�/ zrunlqj sdshu QEHU
::::1

Sld}}hvl/ P1 +2ff�,/ �Pdfurhfrqrplf Mxps H�hfwv dqg wkh \lhog Fxuyh�/ zrun0
lqj sdshu Dqghuvrq Vfkrro/ XFOD1

Sld}}hvl/ P1 +2ff2,/ �D!qh Whup Vwuxfwxuh Prghov�/ zrunlqj sdshu Dqghuvrq
Vfkrro/ XFOD/ iruwkfrplqj lq wkh Kdqgerrn ri Ilqdqfldo Hfrqrphwulfv1
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Ulfkdug/ V1 +�b.H,/ �Dq Duelwudjh Prgho ri wkh Whup Vwuxfwxuh ri Lqwhuhvw
Udwhv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 9/ 6608:1

Urjhuv/ F1 +�bbD,/ �Zklfk Prgho iru wkh Whup Vwuxfwxuh Vkrxog Rqh XvhB�/
LPD Yroxphv lq Pdwkhpdwlfv dqg Lwv Dssolfdwlrqv/ 9:/ <604481

Urjhuv/ F1 +�bbS,/ �Jdxvvldq Huuruv�/ Ulvn/ </ 750781

Uroo/ U1/ dqg V1 Urvv +�bHf,/ �Dq Hpslulfdo Lqyhvwljdwlrq ri wkh Duelwudjh
Sulflqj Wkhru|�/ Mrxuqdo ri Ilqdqfh/ 68/ 43:6044361

Urvv/ V1 +�b.S,/ �Wkh Duelwudjh Wkhru| ri Fdslwdo Dvvhw Sulflqj�/ Mrxuqdo ri
Hfrqrplf Wkhru|/ 46/ 67406931

Urvv/ V1 +�b.H,/ �D Vlpsoh Dssurdfk wr wkh Ydoxdwlrq ri Ulvn| Vwuhdpv�/ Mrxu0
qdo ri Exvlqhvv/ 84/ 78607:81

Vfkdhihu/ V1/ dqg H1 Vfkzduw} +�bHe,/ �D Wzr0Idfwru Prgho ri wkh Whup
Vwuxfwxuh1 Dq Dssur{lpdwh Dqdo|wlfdo Vroxwlrq�/ Mrxuqdo dqg Txdqwlwdwlyh
Dqdo|vlv/ 4</ 74607571

Vkloohu/ U1 +�bbf,/ �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Fkdswhu 46 lq wkh
Kdqgerrn ri Prqhwdu| Hfrqrplfv/ Yroxph L/ hglwhg e| Iulhgpdq dqg Kdkq/
Hovhylhu Vflhqfh Sxeolvkhuv1

Vklpnr/ G1 +�bb2,/ Ilqdqfh lq Frqwlqxrxv Wlph= D Sulphu/ Nroe Sxeolvklqj
Frpsdq|1

Vlqjohwrq/ N1 +�bH.,/ �Vshfl�fdwlrq dqg Hvwlpdwlrq ri Lqwhuwhpsrudo Dvvhw
Sulflqj Prghov�1 Lq E1 Iulhgpdq dqg I1 Kdkq/ Kdqgerrn ri Prqhwdu| Hfr0
qrplfv/ Yro1 4/ ss1 8;609591 Dpvwhugdp/ Qruwk0Kroodqg1

Vlqjohwrq/ N1 +2ff�,/ �Hvwlpdwlrq ri D!qh Dvvhw Sulflqj Prghov Xvlqj wkh
Hpslulfdo Fkdudfwhulvwlf Ixqfwlrq�/ Mrxuqdo ri Hfrqrphwulfv/ 435/ 44404741

Vlqjohwrq/ N1/ dqg O1 Xpdqwvhy +2ff2,/ �Sulflqj Frxsrq0Erqg Rswlrqv
dqg Vzdswlrqv lq D!qh Whup Vwuxfwxuh Prghov�/ Pdwkhpdwlfdo Ilqdqfh/ 45/
ss1 75:077:1

Vroqln/ E1 +�b.e,/ �Wkh Lqwhuqdwlrqdo Sulflqj ri Ulvn= dq Hpslulfdo Lqyhvwljd0
wlrq ri wkh Zruog Fdslwdo Pdunhw Vwuxfwxuh�/ Mrxuqdo ri Ilqdqfh/ 5</ 7;0871

Vroqln/ E1 +�b..,/ �Whvwlqj Lqwhuqdwlrqdo Sulflqj= Vrph Shvvlplvwlf Ylhzv�/
Mrxuqdo ri Ilqdqfh/ ss1 83608451

Vroqln/ E1 +�bH�,/ �Lqwhuqdwlrqdo Duelwudjh Sulflqj Wkhru|�/ Mrxuqdo ri Il0
qdqfh/ 6;/ 77<078:1
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Vwudwrqrylfk/ U1 +�bSS,/ �D Qhz Uhsuhvhqwdwlrq iru Vwrfkdvwlf Lqwhjudov dqg
Htxdwlrqv�/ VLDP Mrxuqdo ri Frqwuro/ 7/ 69506:41

Vxeudkpdq|dp/ P1 +�bbS,/ �Wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv = Dowhu0
qdwlyh Dssurdfkhv dqg Wkhlu Lpsolfdwlrqv iru wkh Ydoxdwlrq ri Frqwlqjhqw
Fodlpv�/ Jhqhyd Sdshuv rq Ulvn dqg Lqvxudqfh Wkhru|/ 54/ 41

Vxqgduhvdq/ V1 +2fff,/ �Frqwlqxrxv0Wlph Phwkrgv lq Ilqdqfh= D Uhylhz dqg
dq Dvvhvvphqw�/ Mrxuqdo ri Ilqdqfh/ 88/ 489<049551

Vyhqvvrq/ O1 +�bbe,/ �Hvwlpdwlqj dqg lqwhusuhwlqj iruzdug lqwhuhvw udwhv= Vzh0
ghq 4<<504<<7�/ QEHU Zrunlqj Sdshu/ Qr1 7;:41

Wxfnpdq/ E1 +2ff2,/ Il{hg Lqfrph Vhfxulwlhv= Wrrov iru Wrgd|*v Pdunhwv/ Mrkq
Zloh| ) Vrqv/ Lqf1/ 5qg hglwlrq1

Ydvlfhn/ R1 +�b..,/ �Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup Vwuxfwxuh�/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 8/ 4::04;;1

Zlhqhu/ Q1 +�b2�,/ �Gl�huhqwldo0Vsdfh�/ Mrxuqdo ri Pdwkhpdwlfv dqg Sk|vlfv/
5/ 46404:71

Zx/ W1 +2fff,/ �Pdfur Idfwruv dqg wkh D!qh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv�/
zrunlqj sdshu/ Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|1

\dq/ K1 +2ff�,/ �G|qdplf Prghov ri wkh Whup Vwuxfwxuh�/ Ilqdqfldo Dqdo|vwv
Mrxuqdo/ 8:/ 7/ ss1 930::1
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