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Abstract

The paper evaluates the implications of the Smets and Wouters (2004) DSGE model for the US
yield curve. Bond prices are modelled in a way that is consistent with the macro model and the
resulting risk premium in long term bonds is a function of the macro model parameters exclusively.
When the model is estimated under the restriction that the implied average 10-year term premium
matches the observed premium, it turns out that risk aversion and habit only need to rise slightly,
while the increase in the term premium is achieved by a drop in the monetary policy parameter that
governs the aggressiveness of the monetary policy rule. A less aggressive policy increases the
persistence of the reaction of inflation and the short interest rate to any shock, reinforces the
covariance between the marginal rate of substitution of consumption and bond prices, turns positive
the contribution of the inflation premium and drives the term premium up. The paper concludes that
by generating persistent inflation the presence of nominal rigidities can help in reconciling the macro
model with the yield curve data.

JEL-code : EA43; E44, G12.
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1 Introduction

How far from financial data are the new generation fully-fledged dynamic sto-
chastic general equilibrium (DSGE) models? Estimated DSGE models fare very
well with macro data but can they do better than standard real business cycle
models in solving the equity premium puzzle or in fitting the yield curve? This
paper evaluates the implications of the Smets and Wouters (2004) DSGE model
for the US yield curve and finds that price and wage rigidities play a key role in
reconciling the macro model with the yield curve data. By generating inflation,
they introduce additional sources of risk in the economy. However, it seems that
what matters from the point of view of the agent which evaluates these risks, is
not the properties of the generated inflation per se (i.e. the size of the nominal
rigidities) but how the monetary authorities react to inflation. A less aggressive
policy will indeed increase substantially the inflation premium. However, it will
also decrease the real premium. The reason why the total premium increases
enough to match the values in the data is that the decrease in the real premium
is substantially smaller than the rise in the inflation premium.

The DSGE model under consideration is the Smets and Wouters (2004)
model. This is a micro-founded DSGE model, set up in the lines of Christiano,
Eichenbaum and Evans (2001) with real and nominal rigidities. The real rigidi-
ties are time non-separable preferences (habit formation), non-separable leisure
and consumption in the utility function, and capital utilisation, investment and
fixed costs in the production function. The nominal rigidities arise from a price
and wage set-up a la Calvo with partial adjustment to past inflation.

This particular choice of model is motivated by several considerations. First,
its success in estimation with US and Euro-area macro data. Second, real rigidi-
ties, which are present in the model to help match the dynamic properties of
the macro data, should also generate large real risk premia and match the US
term structure data. For example, habit increases the risk aversion parameter
implicit in the model without changing the intertemporal elasticity of substitu-
tion of the utility function. This allows for a higher premium while keeping the
average interest rate at reasonable levels. Non-separable leisure has also been
argued to increase the premium as long as the consumer cannot use leisure as
an additional insurance device to smooth consumption (see Uhlig (2006)), i.e.
as long as there are rigidities in the labour market. These are introduced in the
Smets and Wouters model by wage rigidities. Finally, investment adjustment
costs, fixed costs and capital utilisation costs, may be necessary to reduce the
smoothness of consumption implied by the higher risk aversion and habit para-
meters required to generate a high term premium (see e.g. Jermann (1998) and
Boldrin, Christiano and Fisher (2001)). With high habit, households would like
to smooth consumption more. Since consumption is endogenously determined ,
its volatility will adjust, becoming smaller, while the cost for the same volatil-
ity will increase. The question is then how strongly consumption can actually
be smoothed. This will depend on how flexible labour choices are as well as
how flexible capital utilisation is. A high capital utilisation cost will then help
generate larger term premia.



Finally, the presence of nominal rigidities in the model also motivates the
choice of model. Nominal rigidities generate inflation and introduce additional
sources of risk like uncertainty about the monetary authorities’ inflation tar-
get, uncertainty about the realized interest rate, and wage and price mark-up
shocks. The agent requires an additional compensation to hold assets whose
pay-offs depend on the realization of these shocks. This opens up a new channel
for increasing the model-generated term premium and bringing it closer to the
data. On the other hand, nominal rigidities also introduce additional free model
parameters like the monetary policy stance (the sensitivity of the short interest
rate to inflation), the degree of wage and price rigidities measured by the Calvo
parameters and parameters for price and wage indexation to past inflation. In
the end, the question is whether there are enough free parameters to allow us
to jointly match the macro and yield curve data. In any case, the presence
of nominal rigidities in the model implies that, contrary to real business cycle
models, this type of model can be used to make predictions about the size and
sign of the inflation premium, as well as its relative importance with respect to
the real premium in explaining the total premium of long maturity bonds.

The n— maturity bond prices are obtained through log-linearisation of the
n—forward iteration of the DSGE model Euler equation under the assumption of
lognormal stochastic shocks.This general equilibrium approach generates bond
prices and term premia that are internally consistent: Forward iteration ensures
consistency with the weak version of the expectations hypothesis and the ab-
sence of arbitrage opportunities in the trade of bonds of different maturities.
Up to this point this approach is the same as in the recently developed finance-
macro literature in which bond prices are affine in the macro state variables
and the no arbitrage restrictions and the dynamics of the macro variables are
jointly respected, see e.g. Bekaert, Cho and Moreno (2004), Dewachter and
Lyrio (2004), Hordahl, Tristani and Vestin (2004), Ang and Piazzesi (2003).
The contribution of this paper is that it takes consistency one step further: By
taking a general equilibrium approach, the parameters and the variances of the
shocks that enter the Euler equation entirely determine the bond prices and
term premia. No additional parameters or stochastic shocks are introduced.
The yield curve is therefore entirely consistent with the macro model. The term
premium becomes a function of the parameters in the utility function and of
the stochastic structure that drives the consumption, investment and monetary
policy behaviour in the macro-economy.

The loglinear-lognormal general equilibrium approach delivers and explains
a constant term premium, it cannot explain time-variation. The paper there-
fore concentrates on evaluating the implications of the DSGE model for the
average premium. A similar exercise is performed by Hordahl, Tristani and
Vestin (2005) who study the term structure implications of the second-order
approximate solution of a DSGE model. The advantage of using the loglinear-
lognormal approach is that estimation using standard methods remains feasible
in this framework and it is therefore straightforward to compare the results to
an estimated macro model without financial data.

I estimate the average premium for the model and then perform a calibration



exercise to get some intuition about its determinants. Then I re-estimate the
model under the restriction that the model-generated premium is close to the
observed average premium in 10-year bonds.

The estimated model produces a positive but counterfactually low 10-year
term premium and a negative 10-year inflation premium. A calibration exercise
indicates that there are several ways to raise the 10-year risk premium: One is to
increase risk aversion and habit persistence, but the macroeconomic implications
of these values are inconsistent with the data. Another is to substantially reduce
the negative contribution of the inflation premium by eliminating the permanent
inflation target shock. To explore which solution is best supported by both the
macro and yield curve data, the model is re-estimated under the restriction that
the implied average 10-year term premium is close to the observed premium.
It turns out that to re-concile the macro with the finance stylized facts, the
model risk aversion has to rise slightly from 1.8 to 2.7. However, the habit
persistence parameter remains at its baseline level. The increase in the term
premium is achieved by a drop in the monetary policy parameter that governs
the aggressiveness of the monetary policy rule. A less aggressive policy increases
the persistence of the reaction of the short interest rate and inflation to any
shock, re-inforces the covariance between the marginal rate of substitution of
consumption and bond prices, turns positive the contribution of the inflation
premium and drives the term premium up.

The next two sections present the macro-finance model and derive the prices
of the n-maturity bonds, the associated term premia and the average slope of
the nominal term structure as a function of the micro-founded macro model
structural parameters. I also derive expressions for the model-implied inflation
premia at different maturities n. Section 4 presents the results from the cali-
bration exercise and investigates which characteristics of the macro structural
model are essential in matching the average US yield curve. This section also
discusses the sensitivity of the term premium to changes in the model stochastic
processes and parameters as well as the sign and size of the inflation premia.
Then the restricted model is estimated and discussed. The last section sum-
marises and concludes.

2 The description of the DSGE model

In this section, the DSGE model is briefly described. For a thorough discussion
of its micro-foundations see Smets and Wouters (2004) and Christiano, Eichen-
baum and Evans (2001). The DSGE model contains many frictions that affect
both real and nominal decisions of households and firms. Households maximise
a non-separable utility function of consumption and labour over an infinite life
horizon. Consumption enters the utility function net of a time-varying external
habit variable. Labour is differentiated over households, so that there is some
monopoly power over wages which results in an explicit wage equation and al-
lows for the introduction of sticky nominal wages a la Calvo (1983) with partial
indexation to past inflation and a time-varying inflation target. Households rent



capital services to firms and decide how much capital to accumulate taking into
account capital adjustment costs. Firms produce differentiated goods, decide
on labour and capital inputs and set prices according to a Calvo model with
partial indexation to past inflation and the time-varying inflation target.

2.1 Households

There is a continuum of households indexed by 7 € [0,1]. The utility of each
household is a function of its consumption of final goods C] net of external
habit H; and its differentiated labour [ :

T (T T (CT - H )1700 oc+1 T o
Ui ( t,Ht,m:(tl_;C“tL o (1, )@

with log(el) = p; log(el ;) + nk where nF is an i.i.d. normal error term, o, is
the utility parameter that enters the elasticity of substitution for consumption,
o, is the inverse of the elasticity of work effort with respect to the real wage.
The external habit stock H;, is assumed to be proportional to aggregate past

consumption, Hy = hCy_;, 0 < h < 1. ¢l is a preference shock to labour

supply.
Each household 7 maximizes an intertemporal utility function V subject to
an (intertemporal) budget constraint. The objective function is given by:

V=E Y pleu; (2)
t=0

where 3 is the discount rate, % is a second preference shock that affects the
discount rate, with log(e?) = p,log(e?_,) +n? where n? is an i.i.d. normal error
term. The household’s intertemporal budget constraint is given by:

N BT N-1 BT
pr n,t _ pr n—1,t—1 + v CT _IT 3
nz::l t Pt ; t Pt t t t ( )

Households carry a portfolio of nominal zero-coupon bonds with a maximal
maturity of N periods, denoted by {B;’tfl}:f:l into period ¢t . The price of
the n-maturity bond is F;*. Current income and financial wealth brought over
from the previous period can be used to consume, invest or buy assets. The
household’s total income Y,” is given by:

Y7 = (wilf + AT) + (riz] K[y = W (2]) K[y + div]) (4)

Total income is the sum of labour income and income from the state-contingent
securities; the return from the real capital stock net of the capital utilisation
costs; and the dividends from the firms that produce intermediate goods un-
der monopolistic competition. W (2]) is the cost associated with the degree
of capacity utilisation of the installed capital and it is assumed (see Chris-
tiano,Eichenbaum, and Evans, 2001) that ¥ (1) = 0.



The maximization of the objective function subject to the intertemporal
budget constraint with respect to consumption C7 and holdings of bonds B}
yields the following first order condition for consumption:

)\t-l—lR Pt

E =
tﬁ >\t tPt+1

1 (5)

where, R; is the gross nominal rate of return on one-period bonds (R; = %)
t
and A¢41 is the marginal utility of consumption given by:

o, o.+1, . -
)‘t = 8? (Ct — Ht) exp (1 e (lt )(1+ l)) (6)

Notice that because of the non-separable consumption and leisure preferences
in the utility specification, the marginal disutility of work affects the optimal
consumption decision.

The labour supply and wage setting equations are modelled as in Smets and
Wouters (2004). Households are price-setters in the labour market and, follow-
ing Calvo (1983), they can optimally set their wage with probability (1 —¢&,,).
With probability &, their wage is indexed to past inflation and the central bank
inflation objective with respective weights v, and (1 —~,,). Optimising house-
holds choose the nominal wage w; by maximising the intertemporal objective
function (2) subject to its budget constraint (3) and labour demand

- WT 7(1+/\w,t)/)‘w=t
Q:(%) L, (7)

where the aggregate labour demand L; and the aggregate nominal wage W, are
respectively

1
L, = [/ (lz')l/(l-i-/\w,t) dr
0

Shocks to the wage markup are assumed to be i.i.d. normal around a constant
lOg()‘w,t) = Ay + 77;0 .

Households make decisions about investment and the capital utilisation rate
by maximizing their intertemporal objective function (2) subject to its budget
constraint (3) and a capital accumulation equation:

1 _)\w,t
and W, = [/ (Wt‘l')l-‘r)\w,t dT} (8)

T+Aw,t
:| 0

K=K/ (1-7)+ (1“‘5{_5([1‘21)) I )

with I; the gross investment, 7 the depreciation rate and S(.) an adjustment
cost function which is a positive function of change in investment and equal to
zero at the steady state. The first order conditions for the real value of capital
Q¢, investment I; and the rate of capital utilisation z; are:



Q: = E [ﬁ)\i\:l (Que1 (1 =7) + 24arf — ¥ (Zt+1)):|

(10)

Qi (L+ef) = Qt5/< i ) L — BE; [Qtﬂ)‘tﬂg’ (It+1> Tia (It+1 +1)]

L) I At I; I; I

’

rf o= W (z)

A shock log(el) = p;log(el ;) + n! where n! is an i.i.d. normal error term is
introduced in the investment cost function. It represents a shock in the relative
price of investment vs. consumption goods and plays the role of an investment-
specific technological shock.

2.2 Firms

The economy produces an homogeneous final good from a continuum of inter-
mediate goods y! indexed by j, with j € [0,1]. The final good is produced with

a CES technology,
1+ Ap

= ()] "

where A, ; denotes the time-varying markup in the goods market. It is assumed
that log(A\pt) = Ap+n} with ) an i.i.d. normal variable that can be interpreted
as a cost-push shock to inflation. From cost minimisation, the demand faced by
each intermediate producer is:

T
yi = <t> Y, (14)

with p{ the price of good j and P, the price of the final good. Perfect competition
in the final good market implies that

Apt

r={ )" ) (15

Intermediate goods yi are produced in a monopolistic competitive sector
with a continuum of firms characterised by stick prices. Intermediate goods are
produced with a Cobb-Douglas technology:

. ~ N« —a
ol =i (Bia) " (Ljae) '™ - e (16)
with log(ef!) = palog(eit ;) + nf* and nf* an i.i.d-normal error term, where

€tA is the productivity shock, K;; = 2K ;1 is the capital stock effectively
utilised, L;; is an index of various types of labour hired by the firm, v is the

(11)
(12)



constant rate of technological progress and @ is a fixed cost introduced to ensure
zero profits in steady state. Cost minimisation implies that the capital-labour
ratio is identical across intermediate goods produces and equal to the aggregate
capital-labour ratio:
WL l—«a
= — (17)
K @
The marginal cost is given by

W ()

J —
MC; =MC, = a(l — a)efert

(18)
and is also independent of the demand faced by each firm j. Nominal profits
are given by

] _(1+>‘p,t)/>‘p,t

i = (vl - MC,) (fj) Y, — MC,® (19)
t

Each firm has market power in the market for its own good and maximizes

expected profits using a discount rate (p,) consistent with the pricing kernel for

nominal returns used by shareholders-households: p, = BA¢1k /A Piyk-

Firms are not allowed to re-optimize their prices unless they receive a random
‘price-change signal’. As in Calvo (1983) the probability to receive such a signal
is equal to (1 — §p). Prices of firms that do not receive a price signal are indexed
to the weighted sum of last period’s inflation rate and the inflation objective of
monetary policy with respective weights v, and (1 — vp). Profit maximisation
of re-optimising firms at time t results in the following first order condition:

E; iﬁi{:i Attiltti ﬁ P (Prima) ™ @) 7" = (1= Aprsi) mcspi | =0
—0 prETIE Py Py P Pt !

(20)
This equation shows that the price set by firm j at time ¢ is a mark-up over
weighted expected future marginal costs. With sticky prices (£, # 0) the mark-
up is variable over time when the economy is hit by exogenous shocks.

2.3 Market equilibrium and monetary policy

The final good market is in equilibrium when production equals the demand by
households for consumption and investment and government spending G,

Yi=Ci+ G+ I + qj(zt)thl (21)

with € = pgef + 1% and 7§ an i.i.d.-normal error term.
The capital rental market is in equilibrium when the demand for capital by
the intermediate goods firms is equal to the capital supplied by the households.



The labour market is in equilibrium when the firm’s demand for labour is equal
to the households’ labour supply at the wage set by the households.

The model is closed with an empirical reaction function for the short interest
rate R; that describes monetary policy decisions:

~

Ry = m_1+p (Et—l - ft—l) +(1=p) (7‘7r (Tie1 — 1) + 1y (2—1 - }A’tp_1>> +

Tax (T =) — (Re—1 — Te—1)] + Tay [(?t - 21)) - (1/}“1 N }2111)] + 775

Hats denote deviations from the deterministic steady state. The monetary
authorities follow a generalised Taylor rule by gradually responding to devi-
ations of lagged inflation from an inflation objective (Ti—; — Tt—1) and the
lagged output gap defined as the difference between actual and potential output

(Yt_l -Yr 1). Potential output is defined as the level of output that would

prevail under flexible prices and wages in the absence of the three cost-push
shocks (nf’, nl", 77?) The parameter p captures interest rate smoothing. In ad-
dition, there is a short run feedback from current changes in inflation and the
output gap. Finally , this rule assumes that there are two types of monetary
policy shocks: nf, which is a transitory i.i.d.-normal interest rate shock and 77,
which is a permanent shock to the inflation objective (7;) which is assumed to
follow a non-stationary process: Ty = Ty—1 + 17 .

To summarize, the model determines nine endogenous sticky-price variables:
inflation, the real wage, capital, the value of capital, investment, consumption,
the short-term nominal interest rate, the rental rate on capital and employment.
The stochastic behaviour of the system of linear rational expectations equations
is driven by ten exogenous shocks. Five shocks arise from technology and pref-
erence parameters: the total factor productivity shock, the investment-specific
technology shock, the preference shock, the labour supply shock and the govern-
ment spending shock. Three shocks can be interpreted as cost-push shocks: the
price mark-up shock, the wage-markup shock and the equity premium shock.
Finally there are two monetary policy shocks, the permanent inflation target
shock and the temporary interest rate shock.

3 Affine term structure with macro factors

3.1 Bond prices

The DSGE model developed above can be solved by log-linearisation around the
deterministic steady state. However, as is well known, a first order approxima-
tion of the solution of any rational expectations model, will generate certainty
equivalence in the model solution. At the equilibrium, agents will behave as if
they were risk neutral and assets with different risk characteristics, in our case
different maturity bonds, will have the same expected return. This makes asset
pricing trivial and forces us to seek a different approach.

(22)



The approach I take is that of Jermann (1998) and Wu (2005)*. The macro-
economic model is not affected by the dynamics of the yields. This means that
we can solve it without knowing the equilibrium prices of bonds. The first step
is to loglinearize the equations of the DSGE model around the nonstochastic
steady state and solve the resulting system of linear difference equations. The
model solution has a state-space representation with the law of motion for the
state variables given by:

Xt+1 =c+ AXt + BUt+1 (23)

where c is a vector of constants of size (np, 1), A and B are matrices of coefficients
of size (np,np) and (np, k) respectively, X; is the vector of state variables of size
(np, 1) and vyyq the vector of structural shocks of the DSGE model of size (k, 1),
np is the number of state variables, k£ is the number of structural shocks and
E (vi11vi41) = ¢, a (k, k) diagonal matrix.

Under a complete markets hypothesis and in the absence of arbitrage op-
portunities (M1 > 0, see Harrison and Kreps (1979)), the price P* of any
zero-coupon bond of maturity n obeys the Euler equation:

Pl = E;Min P! (24)

where M, is the nominal stochastic discount factor for pricing nominal assets
defined as:

with A;y1 the intertemporal marginal rate of substitution of consumption and
P, ;1 the aggregate price level. Replacing A1 with its expression from equation
(6) yields an expression for the nominal stochastic discount factor as a function
of the model’s structural parameters o. and o; and consumption, habit, leisure
and the preference shock :

P, ety ((Copr —Hen)\ o+ 1 (1401) (1401)
M, _ YT~ v T 1
b BPt-i—l b (Cy — Hy) SPA\TH oy (( 1) (t) 25) )

Log-linearisation of M;; around the deterministic steady state yields:

L Another approach is to use a second-order approximation to the solution of the model as
in Hordahl, Tristani and Vestin (2005). However, because the aim of this paper is to estimate
the parameters of the joint macro-finance model, I prefer the log-linear/log-normal approach.
Estimation of the second-order approximation of the solution to the macro-finance model
would require even more computationally burdenous methods than the Bayesian maximum
likelihood estimation used here.



o.(1+h).. ho. . Oc

My = 1= T Rt TG (26)

—m (0 ~Tnn)

1 b b ~
1 b (5t - 5t+1) - Mt41

where hats denote deviations of the variables from the non-stochastic steady
state, and small-case letters denote logs of capital-letter variables. For later
use, we also write down the reduced form dynamics of m;;;1 obtained from
equation (23):

M1 = Cm + Ay Xy + Aguea (27)
where ¢,, is the element in ¢ corresponding to Mm11, Ay and Aé) are the corre-
sponding column vectors of A and B and are functions of the structural para-
meters of the DSGE model.

To derive bond prices, the next step is to take the log of equation (24) to
obtain:

_ 1 _
Py = By [mo +pP] + PR [+ P14 ] (28)

This equation holds exactly when the conditional distribution of bond prices
Pﬁr_ll and the stochastic discount factor My, are jointly log-normal variables.
It will hold approximately if they are not (see also Campbell, Lo and MacKinlay,
1997).

Then, by substituting (27) into (28) for n = 1 and by setting Py, ; = 1, the
one-period bond price is given by:

1.
—Ri=pf =cm + A X, + iAoqu (29)

The last quadratic term, which would be absent in a strict log-linear model,
captures the risk compensation to agents.

Notice that the market price of risk is given by the elements in Ag. Any
bond of maturity n, carries B;l_lql/2 units of risks:

P?ﬁl =L [P?ﬁl] + B, 1041 (30)
where B],_; is a (k, 1) vector. Substituting in equation (28) yields:
pi =R+ By [P} + B, _yqho + B}, _1qBn-1/2

and the excess holding period return of an n-period bond over a one-period bond
is given by re-writing the above equation:

ehpr! = E,[po] - ol — Re
_B;z—lqAO - B;L—qun—1/2 (31)

10



where —B/,_,qBn_1/2 is the (negligible) convexity effect and —B/,_;qAy is the
compensation for holding B;qul/2 units of risk, making -Agg'/? the market
price of the risk associated with the macro structural shocks v;41. Because
we have made the assumption of constant second-order moments B and ¢ are
time-invariant and, as a result, the ehpr is constant: ehpry’ = ehpr™.

The last step to price the bonds consists in noticing that the transition
equation (23), the short rate equation (29) and the risk price —Aoq'/? form a
discrete-time Gaussian affine term structure model. If the stochastic discount
factor is affine as above in (27) , the log-bond price equation will also be affine
(proof and details in Appendiz 3):

Py = a(n) +b(n) X, (32)

and the coefficients will be defined recursively by:

a(l) = cm+%A;qA0 (33)
1) = A, (34)
a(n) = a(n—1)+a(l)+b(n—1) (c+ Bgho) (35)

+%b(n —1) B¢B'b(n—1)
b(n) = b(1) +bn—1) A (36)

The continuously compounded yield to maturity y,; for a zero-coupon nominal
bond is then given by:

Ynt = —pi/n=1a(n) + E(n)lXt

with @(n) = —a(n)/n and b(n)" = —b(n)/n.
With the prices of bonds at hand we can proceed to define the excess holding
period return as a function of the DSGE model parameters.

3.2 The interaction between the macro shocks and the
excess holding period return

Recall that equation (31) expresses the ehpr as a function of the reduced-form
model parameters, B and ¢q. To establish the link between the ehpr and the
DSGE model structural parameters, we need to replace in equation (28) the
expression for the log- stochastic discount factor m,y1(equation (26)) :
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ehpr™ =

-1 ~b n— g -~ n—
= T cov {etﬂ,ptﬂl} + ﬁcov [Cer1, 0] —
Oc — 1 T n—1 n—1
Ty e pit |+ eov frenn i)

—%vart [p?;f}
Notice again that, because of our assumption that second-order moments are
constant, the above variance and covariance terms and the excess holding period
return are time-invariant. This expression illustrates how the excess holding
period return for any maturity n bond is a function of the preference parameters
in the DSGE model 0. and h and the persistence of the preference shock p,. It is
also a function of the covariance terms between the bond prices and next period
consumption, leisure, inflation and the preference shock, which depend on the
size of the shocks v;y1 and the persistence properties of the different variables.
As aresult, predicting the total effect of a change in the structural parameters on
the excess holding period return is not straightforward: any parameter change
that also affects the persistence properties of any of the variables will also change
the above covariance terms, thereby magnifying or reducing the initial parameter
change.

To get an intuition of how this interaction works to change the size and the
sign of the ehpr , we go back to the its reduced form definition (equation (31) .
Recursivity implies that Bj,_; is restricted by (36):

! =Bbn-1)

The amount of risk B! _,¢"/? for holding a bond is a function of b(n — 1) which
in turn depends on the dynamics of the stochastic discount factor A/, and the
dynamics of the macro model A. Ignoring the convexity term B! _,¢Bp_1/2,
we can then re-write the excess holding period return as a sum of rewards to
the various macroeconomic sources of risk, i.e. the standard deviations of the
structural shocks in the model:

k
ehpr™ = - qul-;z {AGL {B/b (n— 1)]j qjl-]/2 (37)
j=1
—conv.T.
1/2

The k market prices of risk are equal to o (m4+1) = q;; {AB] ~and the amount
J

of risk carried in each bond with respect to shock j or the "bond price sensitivity

to shock j" is equal to {B/b (n— 1)] ‘qjl.]p
j

effect of the shocks on the stochastic discount factor, i.e. the valuation of risk

. The prices of risk are the size of the
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in marginal utility terms, and the bond price sensitivities are the present value
of the reaction of the nominal interest rate R;,; to that shock for ¢ = 1,...,n,
where n is the maturity of the bond:

ehpr™ = ZZ aRt—H [Aol; (38)

ov
Jj=11i=1 Jitt

—conv.T.

The above equation illustrates the link between the structural model parameters,
persistence and the size of the excess holding period return. The ehpr™ depends
essentially on the impulse response functions of the nominal interest rate to the
shocks in the model (5 on ]”‘ ) as well as the effect of the shocks on marginal utility

of consumption ([Ao];). Innovations in the expected future interest rate must be
large and negatively correlated with the marginal utility of consumption for the
model to produce large premia. Then, bonds are a bad hedge and agents require
a term premium. The model can produce large premia, only if it generates the
appropriate dynamic behaviour in the short term interest rate R;. In the end,
asking the question of whether this model for the economy can generate a term
structure that fits the data reduces to asking whether the dynamic behaviour
required for R; and inflation 7; to fit the term structure can be reconciled with
the one that is required to fit the macroeconomic data.

3.3 Inflation risk premia

So far, we have used the nominal discount factor miy1 = Ap41 — ¢ — mp41 to
price nominal zero-coupon bonds of maturity n through the Euler equation.
If we define AX;11 = Ap1 — Ay as the real discount factor, we can use the
Euler equation to price indexed bonds and obtain an expression for the inflation
premium in this model. For example, it is straightforward to see that the real
return to a one-period bond is given by:

1
*Et (A)\t+1) — §Va7"t (A)\t+1) = R; (39)
and the nominal return on the one-period bond R; by:
1
R; = R: =+ EtTrtJrl — EV(M} (71't+1) + covy (A)\tJrl, 7Tt+1) (40)

The above expression resembles the Fisher equation except that it includes a
term for the inflation premium (covi (AMi11,7¢+1)). The nominal interest rate
on a 1-period bond equals the rate on an indexed bond of the same maturity
adjusted for expected inflation (taking into account a Jensen’s inequality term),
plus an inflation risk premium which arises because some of the model’s shocks
affect both inflation and the real discount factor. If this creates a positive
correlation between AM;1; and 711, then the inflation premium on the short
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term bond will be positive. In any case, nominal rates need not move one-for-
one with expected inflation, i.e. the Fisher hypothesis does not have to hold.
Longer term bond prices can include not only a real term premium, but also an
inflation risk premium. In fact, we can use the excess holding period returns on
the nominal and indexed n-period bond to derive an expression for the inflation
risk premium.

First, define the excess holding period return on an indexed bond ehpr;™,
using the real stochastic discount factor AA;;1 to price the long term asset:

T,mn

1 .
ehpry” = Egpl + §Va7°t (r{fl) -y

= —covy (r;y, Adigr) (41)

where ;)" is the holding period return on an indexed bond. Then write down

the excess holding period return on an n-period nominal bond ehpr™ and notice
that it can be broken down into two terms, the first one involving the covari-
ance between the holding period return on the nominal bond 73, ; and the real
discount factor AX;;; and the second one involving a covariance with inflation
T¢41:

ehpri

, 1
By + §V0”“t (rfﬂ) — 7
= —covy (1§41, A1) + covy (riy, mig1) (42)

Because they are measured relative to different short term assets these excess
holding period returns are not directly comparable to each other. However they
are very useful because their values can be used to calculate the implicit n-period
inflation risk premium as the difference between the nominal and the indexed
bond excess holding period returns (also see Campbell and Viceira (2001)):

1 n 1 rn r
Eeri' ) + §Vart (rfﬂ) —re — By + iVart (rt;l) -7y (43)

= covy (13, AXis1) — covp (riy, megr) (44)
= b(n—1)B'qBax — b(n — 1) B'qAg (45)

As before, we drop the time indices because all conditional second order mo-
ments in the model are constant. The last line gives the inflation premium on
an n—period bond in terms of the reduced form state-space parameters of the
DSGE model B, Ag and ¢, and tildes denote the parameters of the indexed
bonds price equations. Using some algebra it is easy to show that:

=
=)
Il

BA)\ - B7T

b(n) = b(n) - ALAUTY
j=1
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where AU~ = A°A.. A and A° = I. Replacing b(n—1) and Aq in (45) we find:
—_——

7j—1

ehpr’™ — ehpr™" = (E(n —1) —b(n — 1)') B'qBax +b(n — 1) B'qB;,

> ALAUTY ) B'qBa, (46)
j=1
+b(n —1)'B'qBs

_ ZA;A(J'*U B'qB.
j=1

To give an intuition of the above expression take e.g. n = 3 and rewrite equation
(44):

ehprn:?’ — ehpTT’nZB = COU(A)\t+1, Et+17rt+2) + CO’U(A)\t+1, Et+1’/Tt+3047)
+cov(mit1, Bry1(Ags — Aig1))

—cov(miq1, Brp1mige) — cov(mipr, Brp1migs)

The inflation premium per se is given by the sum of the first three terms and
involves (1) the covariances between marginal utility and expected inflation at
different horizons, and (2) the covariance between inflation and the expected
real discount factor for pricing the assets over the n-period. They capture
the compensation that households receive for (simultaneous) uncertainty in the
valuation of the shocks in marginal utility terms and uncertainty in the future
path of inflation. The last two terms are convexity terms due to the auto-
correlation of the inflation process. The first three covariances can be positive
or negative; this will depend on the effects of monetary policy and the real
effects of nominal shocks in the DSGE model. As a result, the above expression
can be negative if the convexity term is very large relative to the first three
terms, or if the first three terms (the inflation premium per se) is negative. We
will explore the implications of a change in the model parameters and the size
of the shocks for the sign and size of the inflation premium in the empirical part
of the paper.

4 Results

This section of the paper concentrates on three issues. First, can the DSGE
model generate term premia that match the ones that we see in the US data?
Second, which model parameters need to be hiked up to obtain larger premia?
And third, are these values consistent with both the macro and finance data
characteristics? The first two questions are answered using calibration, while the
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third question is answered by estimating the DSGE model under the restriction
that the term premium on the 10-year bond generated by the model matches
the one in the data.

4.1 Descriptive statistics

Table 1 presents some descriptive statistics for the US yield curve. Quarterly
data on zero-coupon yields between 1961 : Q1 and 2003 : )3 are obtained from
the BIS database which uses spline interpolations to approximate for the yields
of the missing maturity bonds. I compute the average ex-post excess holding
period return (ehpr) to approximate for the unconditional mean of the term
premium.

(Insert Table 1 here)

Table 1 shows that the average ex-post ehpr for the 10-year bond is equal
to 100 bps. Notice however, that the associated standard deviation is very
large (551 bps !) which reflects the fact that excess holding period returns
exhibit a high amount of time-variation. This is confirmed by other papers
using different data sets as well. For example, Campbell, Lo and MacKinley
(1997) using the McCulloch and Kwon (1993) data set over the period 1952-1991
and monthly data find that the ehpr associated with the 10-year bond equals
—4.8 annualized bps with a standard deviation of 3708 bps ! With the same
dataset but considering a different period (1960 - 1997) and quarterly frequency
Hordahl, Tristani and Vestin (2005) find that the average ehpr of the period
was equal to 60 annualized bps. Furthermore, the ehpr over subperiods varies
very strongly. For example for the period 1960-1978 it equals -164 bps, while
for 1983-1997 it equals 460 bps. This evidence indicates that probably a more
appropriate model for the term premia would have a time-varying mean. For
the moment, however, since the log-linear -log-normal approach of this paper
generates constant term premia, the calibration will focus on replicating the
average 10-year ehpr of 100 bps. When interesting, I will also present the entire
model-generated term structure of interest rates. In this respect, it is useful to
discuss some more yield curve stylized facts for the US.

The average ex post excess holding period return is increasing and varies
from 0.5 bps for the 6-month bond up to 100 bps for the 10-year bond. Average
yields over this period are increasing with maturity and vary from 6.14% for the
3-month Treasury bill to 7.18% for the 10-year bond. The spread between the
yield of a bond of long maturity and the 3-month risk free rate (i.e. the slope of
the term structure) is also increasing with maturity and varies from 12.54 bps for
the 6-month bond to 104.07 bps for the 10-year bond. The standard deviation
of bond yields during this period is slightly decreasing (from 2.85% for the yield
of the 3-month bill to 2.34% for the 10-year bond). The upward slope of the
mean term structure of US interest rates and the slightly downward slope of the
volatilities are considered by the literature as stylized facts, while the upward
slope of the average ehpr’s although more controversial can be confirmed for
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bonds up to a maturity of 5 years. As we saw earlier, whether the average ehpr
for 10-year bond declines or increases with respect to the ehpr of the 5-year
bond depends very much on the sample used.

4.2 Model-generated premium: Calibration exercise

What is the 10-year term premium? generated by the estimated DSGE model?
Does it match the 100 bps that we observe in the yield curve data? To answer
these questions, I estimate the baseline DSGE model® and then I calibrate it
at the estimated parameter values (shown in the first column of Table 5 and
discussed later on) to generate the average nominal and real ehpr as well as the
inflation premium according to equations (37)), (41) and (45).

Figure 1 shows the average ehpr in annualized basis points across maturities
(in quarters) generated in this way.

(Insert Figure 1 here)

From this figure , we can see that although the nominal ehpr produced by
the baseline DSGE model is positive, its size is very small compared to the
100bps in the US data . The small size of the nominal ehpr is generated on
the one hand by a small real ehpr, and on the other by a negative and large
inflation premium for longer maturities.

In particular, the nominal excess holding period return produced by the
baseline model is positive but is hump-shaped over maturities. It reaches a
maximum of 6.8 bps at 10 quarters (2.5 years) and drops to 3.7 bps for maturities
over ten years. The real ehpr is increasing through all maturities, even after
10 quarters, reaching 8.3 bps at maturities larger than 10 years. The inflation
premium can be deduced from this graph by taking the difference between the
nominal and the real premium corrected for a convexity term. The inflation
premium is positive and decreasing up to 4 years and becomes negative and
increasing (in absolute terms) for higher maturities. For the 10-year bond it
equals to -3 bps.

To better understand the mechanisms in the DSGE model that cause the
small size of the nominal and real ehpr, and the negativity of the inflation
premium, in table 2, column (3) 1 break down the nominal ehpr into a sum
of compensations to bear the risk associated with each macroeconomic shock
separately. I concentrate on the ehpr for the 10-year bond.

We can distinguish between two cases according to the sign and the size
of compensations. Compensations can be positive or negative depending on
whether the shock needs to be hedged (negative sign) or insured (positive sign).
They can be large or small depending on whether shocks are persistent or tem-
porary and their variance is, accordingly , very large or small.

2T use the terms ‘term premium’ and ‘expected excess holding period return’ (ehpr) inter-
changeably from here on.

3The model is estimated with Bayesian estimation techniques using the priors of Smets
and Wouters (2004). For the details of the approach see Smets an dWouters (2004).
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In this sense, the most persistent shocks that need to be insured, i.e. the
productivity shock, the labour shock and the government spending shock, are
associated with the largest positive compensations. On the other hand, negative
compensations are associated with shocks to the nominal side of the economy,
i.e. the wage and price mark-up shock and the inflation target shock. These
shocks work like hedges for the household, i.e. their contribution to the total
ehpr is negative, and the more persistent they are, the larger their contribution.
As a result, the price (negative compensation) the household pays for hedging
inflation target shocks is as large as the compensation he receives for taking
up the risk associated with the productivity, labour and government spending
shocks combined. The rest of the shocks play a smaller role because their
persistence is smaller.

We can understand better the mechanisms at work within the model by
decomposing the above risk compensations into a product of a price of risk (
valuation of risk in marginal utility terms (table (2), column (1)) ) and the
amount of risk carried by the bond, or "bond price sensitivities" to the different
shocks (table (2), column (2)). Bond price sensitivities are the present value of
the response of the short interest rate to the shock between today and n quarters
ahead (see equation (38)). For reference, the impulse response functions for the
short interest rate are shown in figure (2).

(Insert Figure 2 here)

Shocks that affect the short interest rate strongly and persistently make
the price of the bonds move. For example, a positive productivity shock raises
consumption and reduces the current marginal utility of consumption for a given
leisure choice. At the same time the productivity shock produces a decrease in
the short term interest rate through the policy rule. This implies that the short
term bond pays off an unexpectedly high price at a time when consumption is
high. The positive correlation between the marginal utility of consumption and
the price of the bond makes the bond a bad hedge and therefore households will
require a positive premium to hold it. In terms of table (2), the contribution of
the productivity shock to the total nominal premium is positive and large.

The inflation target shock contributes negatively to the premium. A posi-
tive shock to the inflation target results in an increase in consumption (figure
2) and a decrease in the marginal utility of consumption for a given leisure
choice. Disinflation or a negative shock to the inflation target has a real cost
in consumption terms. The short term interest rate increases. The short term
bond pays off a low price during ‘good’ (high consumption) times. The negative
correlation between the asset’s payoff and the state of consumption makes this
asset a good hedge. Households will want to hold it and therefore its premium
will be negative. As a result, its total contribution to the total premium will be
negative.

It appears that in a first step, eliminating the inflation target shock from
the model should guarantee that the ehpr remains an increasing function of
maturity n. Other ways to increase the model-generated ehpr, should be to
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change the structural parameters of the DSGE model. In the next section, I
perform a calibration exercise to search through the model parameters and find
those ones that effectively increase the risk compensations of the shocks and
the model ehpr. I leave the task of evaluating whether the required parameter
values would make any sense from a macro point of view for the last section of
the paper.

4.3 Sensitivity exercise: A change in which parameters
can potentially increase the model-generated premium?

4.3.1 Changes in the model stochastic processes

Table 4a shows the effect on the term spread and the ehpr of reducing to zero
the variance of each of the shocks, one at a time. As expected, the largest
effect is produced by shutting down the inflation target shock: The ehpr on the
ten-year bond increases from 3.71 bps to 12.06 bps. This is still a long way
from the 100 bps in the US data. Shutting this shock down will always increase
the premium independently of the model we are considering, and whatever the
values of the rest of the parameters.

(Insert tables 4a and 4b here)

The lower part of table 4a shows the effect on the ehpr and the spread from
a 10% reduction of the persistence of the exogenous processes. This change is
compensated with an increase in the variance of the shock so that the variance
of the process remains constant. A decrease in the persistence of the processes
combined with a compensating increase in the variance of the shock increases
the premium and the spread. It seems that the effect that dominates is the
compensating and huge increase in the variance of the shock. As a result,
although the shocks are less persistent, because their size is larger, they generate
premia that are larger and in some cases even match the ones in the data. This
is true in particular for the productivity shock, E _A., labour supply shock
E_L and government spending shock E_G. Remember however that, because
these shocks were so persistent to begin with, the compensating increase in the
variance is large and therefore, even though the small change in persistence
achieves the desired increase in the ehpr, the large compensating change in the
variance should be very costly in marginal likelihood terms.

Finally, the last column of table Ja shows the mean risk free rate implied
by the changed model. The effect is always very small, and the mean risk
free interest rate for the different models is equal or larger than the one in the
baseline model. The only exception is for changes in the persistence of the
shocks, and especially for the productivity shock. Reducing the persistence of
this shock also reduces the mean risk free rate implied by the model.

4.3.2 Changes in the model parameters

To briefly summarise the main results from the sensitivity exercise, we find that
the term spread and the ehpr are most sensitive to changes in the degree of
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risk aversion (o), the degree of habit persistence (h) and the aggressiveness of
monetary policy (r_pie). A change in the capital utilisation cost enhances the
effect of the above parameter changes. Nominal rigidities play a limited direct
role.

A note of caution is required here: One should remember that only an
estimation exercise as the one in the last section of the paper can tell us which
combination of parameter changes is needed to simultaneously fit the macro
data and the observed 10-year ehpr. The results that we present here in detail,
only aim to shed some light on the mechanisms within the DSGE model that can
potentially generate higher premia. Estimation of the model will show which of
these are in fact supported by the data.

* The utility parameters o.,07, and h The top of table 4b shows that an
increase in the curvature of the utility function with respect to consumption up
to 0. = b results in a ten-fold increase in the ehpr, which equals 33.94 bps and
in an increase by 15 bps of the nominal spread. However both the ehpr and the
term spread remain very low.

An increase in the habit parameter i from 0.6 to 0.9 only slightly increases
the term spread and brings the ehpr up to 17.18 bps. The observation that the
ehpr is not very sensitive to changes in the habit persistence parameter has been
confirmed elsewhere in the literature. For example Jermann (1998) and Ferson
and Constantinides (1991) have shown that, even though habit forming prefer-
ences can generate high risk premia in an exchange economy, they fail to do so
when the consumption path is endogenously determined. This happens because
the agents choose a smoother consumption path when they are more averse to
intertemporal substitution. Consumption volatility will be lower than in the
exchange economy case compensating for the increase in habit persistence. The
two effects compensate each other leaving the risk premium unchanged. This
effect of habit on the term premium is interesting to note particularly in view
of the fact that the premium increases substantially when we simultaneously
increase the cost of capital utilisation. With higher habit consumers desire to
smooth consumption more, but if the costs of capital utilisation are high they
cannot do so. As a result, the premium will have to rise.

On the other hand, even though habit-forming preferences alone may not
always generate a higher term premium, they may help in generating a higher
risk free rate. Indeed in the last column of table Ja, we can see that the expected
risk free rate is closer to its baseline value when h = 0.9 than when o, = 5 (the
expected risk free rate is equal to 5.761 for a high h vs. 5.286 for a high o.).

To better understand the channels through which a change in o, and h
works, Table 5a decomposes the ehpr into a sum of products of prices of risk
and bond price sensitivities.

(Insert table 5a here)

Recall that the ehpr is defined as the conditional covariance between the
one-period ahead marginal utility of consumption and the holding period re-
turn r,; of the (n — 1)-maturity bond. Table 5a shows that the shocks that
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contributed a great deal in the premium for the baseline model contribute even
more for higher values of o, and h. This is true in particular for the productiv-
ity and the government-spending shocks. The contribution of the labour supply
shocks remains constant or falls and the contribution of the inflation target
shock remains constant. On the other hand all the other shocks which did not
contribute much to the premium, still do not do so.

(Insert table 5b here)

Figure 3 considers combined changes of both o. and habit persistence. It
shows that changing habit helps reach a higher ehpr especially if o, is high.
For example, in the case of 0. = 5 and h = 0.9 the 10-year term ehpr equals
123.35 bps (table 5b, column (a)). At the same time, the expected risk free
rate is lower than the baseline model (4.398% vs 5.860%, annualized, table 5b).
Looking at the contributions of the different shocks, as previously the largest
contribution come from the productivity shocks and the government spending
shock, but also the role of the investment shock is reinforced mainly because
the bond price sensitivities have increased. Furthermore, notice that the signs
of the contributions of some shocks change. This happens for the labour supply
shock, the interest rate shock and the wage mark-up shock. The sign of the
price of the shock changes in the first case, while it is the 10-year bond price
sensitivity that changes sign in the two other cases.

I also calibrate the model for o, = 2 and A = 0.8 and simultaneously shut-
ting down the inflation target shock. From the previous section we know that
shutting down the inflation target shock will increase the 10 year ehpr by at
least 8 bps. The result of this experiment is shown in the last column of table
5b. The size of the 10-year premium is still small, approximately 17 bps. This
version of the model stays very close to the baseline model; we can see that from
the contributions of the different shocks to the term premium, the prices of the
shocks which remain virtually unchanged (except for the the productivity and
the government spending shocks) and the signs of the bond price sensitivities,
which also remain unchanged.

Finally, we have considered the effects on the ehpr of an increase in the
labour disutility o parameter from 2 to 4.The change leaves both the term
spread and the term premium unchanged. This can also be seen in figure 4
where the 10-year term premium remains virtually independent of o for any
given degree of .. Introducing labour in the utility function in a non-separable
way does not help generate a larger term premium.

(Insert figures 3 and 4 here)

In conclusion, only the utility parameters o, and h, related to consumption
appear to play a role in setting the long term premium. The values for these
parameters that are implied by the data are relatively high (in the neighbour-
hood of 0. = 5 and h = 0.9). An increase in these parameters boosts the
contributions to the premium of shocks that contributed strongly in the base-
line parameterisation of the model, i.e. the productivity and the government
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spending shock. However, these values are so high that they should produce
counterfactual IRFs of the risk free rate to other shocks in the model, like the
monetary policy and the wage mark-up shock.

* Real rigidities: investment adjustment costs, fixed cost, and capital
utilisation cost Three additional types of real rigidities are part of the macro
model: investment adjustment costs, a fixed cost, and a capital utilisation cost.

(Insert figures 5, 6a, 6b and 7 here)

Figure 5, 6a, 6b and 7 show that changing the degree of real rigidities has
a limited effect on the ehpr. Increasing the investment cost (figure 5) or the
fixed cost (figure 7), results in a slight increase of the ehpr, up to 8(30)bps.
Increasing the inverse of the elasticity of the capital utilisation function (czcap)
decreases the ehpr (figure 6a): A higher czcap means that it is more costly
to use more intensively the installed capital. This discourages households from
smoothing consumption and the term premium decreases (figure 6a).

The relation between the term premium and the cost of capital utilisation
will depend on the other parameters of the model. For example, figure 6b shows
that when o, = 5 and h = 0.9, a higher czcap increases the term premium.
This goes into the direction of what Jermann (1998) finds in the case of a real
business cycle model with capital utilisation costs: In order to generate large
term premia in a model with high risk aversion and habit parameters, capital
utilisation costs need to be high to force households to consume more than they
would like. The mechanism is the following: To obtain a large premium house-
holds must have a large incentive to smooth intertemporally i.e. the difference
between today’s and tomorrows marginal utility must be large. We saw that
with habit preferences and an endogenous consumption process, the consump-
tion path becomes smoother and the variance of consumption becomes smaller,
making the premium too small. Adding costly capital adjustment in the model
amounts then to adding a technology that does not allow consumers to smooth.
Because it becomes more costly to smooth through a change in the capital stock,
the consumer will have to take up more risk in consumption. The volatility of
consumption will increase as will the term premium.

* Nominal rigidities Table 4a shows that shutting down all nominal rigidi-
ties, either in the form of price and wage indexation or stickiness, has no effect
on the long run ehpr. Figure 8 confirms this.

(Insert figure 8 here)

Furthermore, as is shown in figure 8, there is no interaction between nominal
rigidities and the utility parameters. However, one should be cautious when
evaluating the importance of nominal rigidities for generating high term premia
and keep in mind that even though the direct effect of nominal rigidities on the
long run ehpr does not appear to be strong, the indirect effect of introducing
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nominal rigidities in the DSGE model is important: Nominal rigidities introduce
inflation in the DSGE model, and as we saw previously the persistence of the
reaction of inflation to the structural shocks is key for generating a high ehpr.

* Monetary policy and the inflation premium The last part of table /
examines how the ehpr varies with a change in the parameters of the monetary
policy rule. The parameters only that change here are the monetary policy rule
ones, the rest are fixed at the baseline values.

First, a reduction in the degree of interest rate smoothing increases the ehpr
on the 10-year bond. So does a less aggressive rule (smaller reaction of the
interest rate to deviations of inflation from its target) and a rule more sensitive
to deviations of output from potential output (the level of output that would
prevail in the flexible price economy). Innovations in R;y1 must be large and
negatively correlated with the marginal utility of consumption to produce large
term premia. This implies that any parameter choice that makes monetary
policy less predictable will generate a larger ehpr.

Figures 1 and 9 depict the ehpr on a nominal bond over n maturities,
the ehpr to an indexed bond and the ehpr on a nominal bond corrected for the
convexity term induced by the variance of inflation, i.e. the different components
of equation (46). We examine the size and sign of the inflation premium for the
baseline calibration of the model as depicted in figure I and for the alternative
model (o, = 2, h = 0.8 and the variance of the inflation target shock set to
zero) in figure 9.

The reason why I focus on the calibration 0. =2, h =0.8and V(E_PIE_ BAR) =
0 is the following. First, as we have seen in table 5b, the ehpr on the 10-year
bond in this case is higher than in the baseline calibration of the model and
therefore closer to the value in the data. Second, shutting down the inflation
target shock ensures that the ehpr is increasing over all maturities, and that the
convexity term due to inflation (see equation (43)) is not dominated by the vari-
ance of this permanent shock. Finally, as we can see from the impulse response
functions of consumption, inflation and the short interest rate depicted in figure
2, even if this model produces higher ehprs it should still fit the macro data well,
given that its irfs are very close to those of the baseline model. These features
make this particular calibration an interesting benchmark for comparison with
the results from the restricted estimation later on.

(Insert figure 9 here)

The baseline model (figure 1) produces a positive inflation premium up to
14 quarters. After 14 quarters, the inflation premium becomes negative. Its
absolute size increases with maturity, so that the return on an indexed 10-year
bond is 8.3 bps whereas the return on the same maturity nominal bond is equal
to Sbps.

The humped shape of the return on the nominal bond is due to the negativ-
ity of the inflation premium, i.e. the negative correlation between the change in
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the marginal utility of consumption AX;;; and inflation 7,1 or expected infla-
tion Fyp17i42 (see equation (46)). Notice that the auto-correlation of inflation
produces a convexity term that needs to be substracted from the sum of the real
excess return and the inflation premium to obtain the nominal excess return.
The convexity term, however is not as big as the inflation premium. This implies
that when we calibrate the model with the variance the (permanent) inflation
target shock set to zero, we observe that (figure 9), as expected, the convex-
ity term disappears and the inflation premium becomes positive and increasing
through maturities. A model without the inflation target shock , produces an
inflation process that is less persistent and which becomes positively correlated
with the change in the real marginal utility of consumption, therefore requiring
a positive inflation premium.

Next, I derive the inflation term premium for different monetary policy
strategies and evaluate the impact of a change in the monetary policy para-
meters on the inflation premium (see column (d) in table 5b, and figure 10).

(Insert figure 10 here)

Figure 10 shows how the total premium on a nominal bond changes when
monetary policy fights inflation less aggressively, i.e. the r _pie parameter drops
from r_pie = 2 to r_pie = 1.4878, its baseline value. The ehpr on a nominal
bond increases through all maturities, and the effect is stronger for longer ma-
turities. However, the ehpr on the indexed bond decreases, over all maturities
and the effect is relatively strong at the short maturities as well. As a result,
for maturities larger than n = 15, the first effect dominates the second and the
inflation premium in the long maturity bonds is larger for the economies which
fight inflation less aggressively. A similar result is found by Hordahl et.al (2005)
in a model with fewer shocks but similar structure and equilibrium dynamics.
One difference is, however, that although in both models the inflation premium
is increased by a less aggressive policy, the size of the inflation premium per se
generated by this model is larger.

4.4 Restricted estimation: Which parameter values rec-
oncile the yield curve with the macro data?

I estimate the baseline macro model with the additional restriction that the ex-
cess holding period return on the 10-year bond derived from the model (ehprmmodel)
should fit the size of the average (ex-post) excess holding period return in the
data (ehpr™9et@ =100 bps). Estimation is performed using a Bayesian approach

as in Smets and Wouters (2004). Within this framework, the cost of deviations
from the observed average excess holding period return is captured by an ele-
ment of f(#), the priors set on the model parameters. From the Bayes rule for
densities, f(0 | y), the posterior distribution of the parameters given the data y

is given by:

FO)L(6:y)

f01y) = W)

o f(O)L(0;y)
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where L(0;y) is the likelihood of the data and f(y) is the marginal density of
the data, obtained by the Laplace approximation of the integral:

f(y) = / F(O)L(8; )b
©

The idea is that since the excess holding period return is just a function of
the model parameters, one can include this additional information on 6 by
imposing an additional prior on the function of  that gives the 10-year ehpr
(ehpr™medel) - The change in the marginal density of the data f(y) indicates
the cost of imposing the restriction that ehpr®™edel = ehprmdate — 100 bps. I
show the results for f(ehprn=i0model _ gpppn=d0.data) — x N (0, 5, ,pn=10.data ),
where £ is a sensitivity parameter that determines the tightness of the prior.

The results in table 3 show that the marginal likelihood changes substan-
tially and increases in absolute value the larger the sensitivity parameter. Fur-
thermore, the mode of the posterior distribution for o, increases, as does the
persistence of the short interest rate, while the coefficient on inflation in the
policy reaction function decreases strongly.

Figure 2 shows the impulse response functions of consumption, the short
rate and inflation for this model. Most irfs remain very close to those of the
baseline model. The main difference is that shocks that had a very persistent
effect on the short interest rate and inflation (technology, government spending
and labour supply shocks) and therefore contributed strongly and positively to
the ehpr, have an even larger and more persistent effect. Furthermore, these
variables react less persistently to the inflation target shock. The combination
of these two changes generates a higher ehpr. This is shown in figures 11a and
11b.

(Insert figures 11a and 11b here)

In figures 11a and 11b the nominal and real excess holding period return
and the inflation premium over maturities is shown for the model estimated
with kK = 1 and k¥ = 3. The nominal total ehpr increases substantially from one
model to the other, moving from 14bps to 65bps. This increase is due mainly
to a large increase in the inflation premium from 7bps to 60bps. The real term
premium on the other hand reduces slightly from 6 to 4bps. Notice that when
the model is estimated with the restriction on the long run ehpr, as above, the
inflation premium obtained is always large and positive and the convexity term
due to inflation is negligible.

5 Summary and Conclusion
This paper examines the size, sign and determinants of the term premium im-

plied by the DSGE model with nominal rigidities of Smets and Wouters (2004).
The model economy and its utility function pin down the stochastic discount
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factor. The Euler equation (i.e. the absence of arbitrage opportunities) prices
bonds in a way that is consistent with the economy and in particular models
term premia as the covariance between the stochastic discount factor and the
bond prices.

For baseline estimates of the DSGE model, the macro-finance model pro-
duces small but positive and increasing term premia. Some shocks, like the
technology, government spending and the labour supply shock generate large
and positive contributions to the term premium. For example, a productivity
shock that increases consumption allows monetary policy to relax for several pe-
riods and makes consumption and bond prices positively correlated. Households
will require a large premium to insure against this shock.

Other shocks generate large but negative 'premia’, i.e. they work as hedges.
For example, a very persistent and exogenous change in the inflation target of
the central bank (i.e. an inflation target shock) generates a negative contribution
to the term premium: An increase in the inflation objective has an expansionary
effect on consumption making long term bonds, whose prices decrease in reaction
to this shock, a good hedge against consumption risk. If we exclude this shock
from the model, the inflation premium becomes positive and very sensitive to
the persistence of the inflation and the interest rate processes.

A calibration exercise examines the sensitivity of the model-produced term
premia to changes in the structural parameters of the DSGE model as well as to
changes in the stochastic processes that drive the model shocks. We find that
there are several ways to generate larger premia: one is a very large increase of
risk aversion or habit persistence, but, as expected, the dynamics of the macro
variables will not support this. Other ways are to exclude the inflation target
shock from the model or to change the parameters of the monetary policy rule.

The final section of the paper estimates the DSGE model under the re-
striction that the implied average 10-year term premium matches the observed
100bps average ehpr. It turns out that in this case the model risk aversion has
to rise slightly from 1.8 to 2.7, the habit persistence parameter remains at its
baseline level, and the model’s impulse response functions of the interest rate
and inflation remain very close to the those of the baseline model, except in the
case of the very persistent shocks (technology, labour supply and government
spending, inflation target shock).

The increase in the term premium is achieved by a drop in the monetary
policy parameter that governs the aggressiveness of the monetary policy rule.
A less aggressive policy increases the persistence of the reaction of the short
interest rate and inflation to any shock, re-inforces the covariance between the
marginal rate of substitution of consumption and bond prices, turns positive
the contribution of the inflation premium and drives the term premium up. In
the end, the yield curve data seem to suggest that monetary policy has been
less aggressive than what the macro data might let us think.

26



6 References

Ang A. and M. Piazzesi (2003), A no-arbitrage vector auto-regression of term
structure dynamics with macroeconomic and latent variables, Journal of Mon-
etary Economics 50(4), 745-787

Ang A., M. Piazzesi and Wei (2005), What does the yield curve tell us about
GDP growth? Journal of Econometrics, forthcoming

Bekaert G., S. Cho and A. Moreno (2004), New-Keynesian macroeconomics
and the term structure, mimeo, Columbia University

Buraschi A. and A. Jiltsov (2005), Inflation risk premia and the expectations
hypothesis, Journal of Financial Economics 75(2), 429-490

Campbell, J.Y., A.W. Lo and A.C. McKinley, The Econometrics of Financial
Markets, Princeton: Princeton University Press, 1997

Christiano L.J., M. Eichenbaum and C. Evans (2001), Nominal rigidities
and the dynamic effects of a shock to monetary policy," NBER Working Papers
8403, National Bureau of Economic Research

Cochrane J.H. and M. Piazzesi (2002), Bond risk premia, NBER working
paper n. 9178

Cox C., J. E. Ingersoll and S.A.Ross (1985), A theory of the term structure
of interest rates, Econometrica 53(2), 385-408

Dai Q. and K. Singleton (2000), Specification analysis of affine term structure
models, Journal of Finance 55(5), 1943-1978

Den Haan W.J. (1995), The term structure of interest rates in real and
monetary economies, Journal of Economic Dynamics and Control 19, 909-940

Dai Q. and K. Singleton (2002), Expectations puzzles, time-varying risk
premia, and affine models of the term structure, Journal of Financial Economics
63, 415-441

Dewachter H. and M. Lyrio (2003), Macro factors and the term structure of
interest rates, Journal of Money, Credit and Banking

Dewachter H. and M. Lyrio (2004), Filtering long-run inflation expectations
with a structural macro model for the yield curve, mimeo Catholic University
Leuven, May

Diebold F., G. Rudebusch and S. Aruoba (2003), The macroeconomy and the
yield curve: A non structural analysis, PIER Working Paper 03-024, University
of Pennsylvania

Duffie G. and R. Kan (1996), A yield factor model of interest rates, Mathe-
matical Finance 6, 379-406

Evans C.L. and D.A. Marshall (1998), Monetary policy and the term struc-
ture of nominal interest rates: evidence and theory, Carnegie-Rochester Confer-
ence Series on Public Policy 49, 53-111

Evans C.L. and D.A. Marshall (2002), Economic determinants of the nominal
treasury yield curve, Federal Reserve Bank of Chicago Working Paper

Ferson, W.E. and G.M. Constantinides (1991), Habit persistence and dura-
bility in aggregate consumption, Journal of Financial Economics 25, 23-49

Hordahl P., O. Tristani and D. Vestin (2004), A joint econometric model of
macroeconomic and term structure dynamics, Journal of Econometrics

27



Hordahl P., O. Tristani and D. Vestin (2005), The yield curve and macro-
economic dynamics, mimeo European Central Bank, June

Jermann Urban J. (1998), Asset pricing in production economies, Journal of
Monetary Economics, April

Kozicki S. and P. A. Tinsley (2001), Shifting endpoints in the term structure
of interest rates, Journal of Monetary Economics, Elsevier, vol. 47(3), pages
613-652.

McCulloch J.H. and Heon-Chul Kwon (1993), U.S. Term Structure Data,
1947-1991, Ohio State University Working Paper # 93-6,March, 1993.

Ravenna F. and J. Seppala (2005), Monetary policy and the term structure
of interest rates, mimeo University of Illinois, February

Rudebusch G. and T. Wu (2003), A no-arbitrage model of the term structure
and the macroeconomy, mimeo Federal Reserve Bank of San Francisco, August

Smets F. and R. Wouters (2003), Shocks and frictions in US business cycles:
A Bayesian DSGE approach, mimeo, European Central Bank

Spencer P. (2004), Affine macroeconomic models of the term structure of
interest rates: The US Treasury market 1961-99, University of York Discussion
paper n. 2004/16

Uhlig H. (2004), Macroeconomics and asset markets: Some mutual implica-
tions, mimeo, Humbolt University Berlin, September

Wickens M. R. and C. Balfoussia (2004), Macroeconomic sources of risk in
the term structure, CESifo working paper n. 1329

Wu T. (2005), Macro factors and the affine term structure of interest rates,
mimeo, Federal Reserve Bank of San Francisco working paper

28



7 Figures and Tables

Figure 1: Excess holding period return and decomposition

The graph shows the nominal excess holding period return (line) , the real premium
(dash) and the sum of the real and the inflation premium (cross). These values
are obtained for the estimated DSGE model (the 'baseline model’). The difference
between the nominal excess holding period return and the sum of the real and
the inflation premium is equal to the convexity term and is due to auto-correlated
inflation. The ehpr and premia are measured in basis points. x-axis is maturities.
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Figure 2: Comparing impulse response functions across models
2.1 Technology shock
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Figure 2 (c’td): Comparing impulse response functions across models
7.3 Preference shock
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Figure 2 (c’td): Comparing impulse response functions across models
2.5 Labour supply shock
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Figure 2 (c’td): Comparing impulse response functions across models
7.7 Monetary policy shock
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Figure 2 (c’td): Comparing impulse response functions across models
2.9 Price mark-up shock
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Figure 2 shows the impulse response functions of consumption (C), inflation (PIE),
the interest rate (R), the nominal stochastic discount factor (SDFN) and the real
stochastic discount factor (SDFR) to the shock of the DSGE model. These are shown
for three versions of the model: for the non-restricted estimation (line), the restricted
estimation (dashed line) and the calibration exercise for a model with risk aversion=2,
habit=0.8, no inflation target shock and the rest of the parameters maintained at
their baseline value (bold line).
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Figure 3: Ehpr over maturities with consumption
risk aversion and habit persistence

Figure 4: Ehpr over maturities with consumption
risk aversion and labour risk aversion

ehpr

sigL sigC

Figures 3 and 4 show the excess holding period return (ehpr) as a function of
consumption risk aversion (sigC') and habit persistence (hab) (Figure 8) and the excess
holding period return as a function of consumption risk aversion (sigC') and labour risk
aversion (sigL) (Figure 4). The rest of the model parameters are maintained at their
baseline values. The excess holding holding period return is measured in annualized

basis points.
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Figure 5: Investment cost and ehpr for 10-year bond
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Figure (5) shows the excess holding period return (ehpr) for a 10-year bond as a
function of the investment cost parameter (phl) generated by calibration of the DSGE
model. The rest of the model parameters are maintained at their baseline values. The
ehpr is measured in annualized basis points (bps).

Figure 6a: Cap. utilisation cost and ehpr for 10-year bond

5 T T T T T T T T T

ehpr

1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
czcap

Figure (6a) shows the excess holding period return (ehpr) for a 10-year bond as
a function of the capital utilisation cost (czcap) generated by calibration of the DSGE
model. The rest of the model parameters are maintained at their baseline values. The
ehpr is measured in annualized basis points (bps).
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Figure 6b: Cap. utilisation cost and ehpr for 10-year bond,
sigC=5, hab=0.9
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Figure (6b) shows the excess holding period return (ehpr) for a 10-year bond
as a function of the capital utilisation cost (czcap) generated by calibration of the
DSGE model. Here, contrary to Figure 6a, consumption risk aversion (sigC) is set
to 5 and habit persistence is set to 0.9 (instead of their baseline values of 1.8 and
0.64 respectively). The rest of the model parameters are maintained at their baseline
values. The ehpr is measured in annualized basis points (bps).
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Figure 7: Fixed prod. cost and ehpr for 10-year bond
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Figure (7) shows the excess holding period return (ehpr) for a 10-year bond as
a function of the fixed production cost parameter (phiY') generated by calibration of
the DSGE model. The rest of the model parameters are maintained at their baseline
values. The ehpr is measured in annualized basis points (bps).
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Figure 8a: Nominal rigidities at baseline
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Figure (8a) shows the excess holding period return (ehpr) for a 10-year bond as
a function of the nominal rigidity parameters generated by calibration of the DSGE
model: Calvo wage (xiW) and price (xiP) and partial indexation to past wages (gam-
maW) and inflation (gamma P). The rest of the model parameters are maintained at
their baseline values. The ehpr is measured in annualized basis points (bps).
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Figure 8b: Nominal rigidities when sigC=5, hab=0.8

sigC=5 and hab=0.9
140 T T T T T T T T T

135} -
130F + E

+
wsp ® & & F

RS
1
H+

120

ehpr

115F E
110} E
105 b
100 b

95 E

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
xiW(line),xiP(cross),gammaW/(circle),gammaP(star)

Figure (8b) shows the excess holding period return (ehpr) for a 10-year bond as
a function of the nominal rigidity parameters generated by calibration of the DSGE
model: Calvo wage (xiW) and price (xiP) and partial indexation to past wages (gam-
maW) and inflation (gamma P). The rest of the model parameters are maintained
at their baseline values except for consumption risk aversion set equal to 5 and habit
persistence equal to 0.9. The ehpr is measured in annualized basis points (bps).
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Figure 9: Inflation premium when V(E_PIE BAR)=0
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Figure 9 shows the excess holding period nominal return (ehpr) (line) , the real
premium (dash) and nominal ehpr corrected for the convexity term (cross) over ma-
turities. The ehpr and the premia are in bps and maturities are in quarters. These
values are obtained by calibrating the model with the variance of the inflation target
shock (E_PIE BAR) set to zero and the rest of the parameters maintained at their
baseline values. The convexity term is due to auto-correlated inflation. The nominal
ehpr corrected for the convexity term is equal to the sum of the real premium and the
inflation risk premium.
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Figure 10: Inflation premium for more a aggressive monetary policy
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FigurelO shows the excess holding period nominal return (ehpr) (line for both
model 1 and model 2) , the real premium (dash (model 1) and dot (model 2) and
nominal ehpr corrected for the convexity term (cross (model 1) and circle (model 2))
over maturities. Model 1 sets consumption risk aversion (sigC) equal to 2, habit
persistence (hab) equal to 0.8, the variance of the inflation target shock equal to
zero (V(E_PIE BAR)=0) , and the rest of the parameters are maintained at their
baseline value. Model 2 sets consumption risk aversion (sigC) equal to 2, habit per-
sistence (hab) equal to 0.8, the variance of the inflation target shock equal to zero
(V(E_PIE_BAR)=0), the reaction of the short interest rate to deviations from the
inflation target (r_pie) equal to 2 and the rest of the parameters are maintained at
their baseline value. The ehpr and the premia are in bps and maturities are in quarters.
The convexity term is due to autocorrelated inflation. The nominal ehpr corrected for
the convexity term is equal to the sum of the real premium and the inflation risk

premium.
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Figure 11: Nominal, real and inflation premia for 2 estimated models
Figure 11(a) k =1
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Figure 11(b) Kk =3

Figure 11 shows the excess holding period nominal return (ehpr) for two estimated
models under the restriction that the model generated 10-year ehpr equals the average
observed ehpr. Figure 11a shows the case where x = 1, figure 11b shows the case
Kk = 3 where K is the sensitivity parameter that determines the tightness of the prior
on the ehpr. The nominal ehpr is the continuous line, the real premium is the dashed
line and the nominal ehpr corrected for the convexity term is the crossed line. The
ehpr and the premia are in bps and maturities are in quarters. The convexity term is
due to autocorrelated inflation. The nominal ehpr corrected for the convexity term is
equal to the sum of the real premium and the inflation risk premium.
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Table 1: Means and standard deviations of term structure variables

Variable Bond maturity
3months 6 months lyear b5Syears 10years

Yield 6.14 6.26 6.39 6.97 7.18
(2.85) (2.79) (2.74) (2.48) (2.34)

Ex-post ehpr 0.01 0.14 0.76 1.000
(0.48) (0.96) (3.51) (5.51)

Yield spread 12.54 24.94 8280  104.07
(21.85)  (41.33) (114.39) (142.77)

For each variable the table reports the sample mean and standard deviation (in
parenthesis) using quarterly data over the period 1961 : Q1 — 2003 : Q4. 'Yield’ is
the continuously compounded yield Ynt, ’ex-post ehpr’ is by the realized log EH PR}
calculated using the approximation ¥, _1,¢+1 = Yn,t+1 and ’yield spread’ is defined by
Ynt — Y1¢- The units for the yields and the ex-post excess holding period return are
annualized percentage points. The units for the spreads are annualized basis points.
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Table 2: The sources of risk and their compensation in a 10-year bond
(baseline model)

1 2 3
Productivity E_A 1,891 2,260 4,272
Cons. Preference E B -0,376 -2,551 0,959
Government spending E_G -1,038 -2,147 2,228
Investment E_I -0,354 -2,941 1,040
Labour supply E_L 1,009 2,669 2,694
Inflation obj. E_PIE_BAR 0,481 -17,363 -8,347
Price mark-up ETA P 0,044 -0,238 -0,011
Equity premium ETA Q -0,134 -0,904 0,121
Interest rate ETA R -0,904 -0,841 0,760
Wage mark-up ETA W 0,065 -0,073 -0,005
ehpr 3,713

Table 2 shows the results from the decomposition of the excess holding period
return on a 10-year bond into the sum over the 10-year period of the product be-

1/2
4j;

(Zf 1 jvlfill q”/ ) (see equation (37, repeated below for convenience):

tween the prices of risk (— [Ao]j) and the bond price sensitivities to the shocks

" = —b(n—1) Bgho
k
a}%t—‘,-z
[A
ZZ% g4 [,

Jj=11i=1

The prices of risk are shown in column (1), bond price sensitivities are shown in column
(2) , their products are shown in column (3) and the sum of the individual terms which
equals the excess holding period return (ehpr or ¢" in the above equation) is shown in
the bottom line of the table. These values are obtained for the non-restricted estimated
DSGE model.
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Table 3: Estimated parameters and likelihood

K=0 K=3
Standard deviation of shocks mode s.d. mode s.d.
Productivity E A 0.481 0.027 0.523 0.032
Inflation obj. E_PIE_BAR 0.096 0.016 0.101 0.015
Cons. Preference E_B 1.341 0.610 1.324 0.642
Government spending E_G 0.602 0.031 0.618 0.034
Labour supply E_L 2.096 0.520 2.364 0.475
Investment E_I 0.373 0.096 0.347 0.079
Interest rate ETA_R 0.213 0.015 0.206 0.015
Equity premium ETA_Q 0.600 0.156 0.636 0.134
Price mark-up ETA_P 0.189 0.013 0.185 0.012
Wage mark-up ETA_ W 0.260 0.016 0.265 0.017

Persistence of shocks

Productivity rho_a 0.998 0.000 0.998 0.000
Cons. Preference rho_b 0.581 0.137 0.616 0.147
Government spending rho_g 0.996 0.003 0.997 0.001
Labour supply rho_| 0.993 0.003 0.994 0.002
Investment rho_i 0.708 0.069 0.734 0.062

Preference parameters

cons. utility sig_c 1.852 0.264 2.778 0.234
consumption habit hab 0.645 0.070 0.562 0.072
labour util. sig_| 2.103 0.599 1.946 0.528
Real rigidities

Investment adj. cost phi_i 5.958 1.096 6.048 1.139
cap. util. adj. cost czcap 0.266 0.062 0.360 0.059
fixed cost phi_y 1.587 0.067 1.676 0.073

Nominal rigidities

indexation wages gamma_w 0.323 0.111 0.399 0.126
indexation prices gamma_p 0.431 0.099 0.406 0.100
calvo wages Xi_w 0.815 0.032 0.799 0.030
calvo prices Xi_p 0.904 0.013 0.899 0.012

Monetary policy

r inflation r_pie 1.487 0.102 1.000 0.000
r d(inflation) r_dpi 0.186 0.051 0.157 0.053
lagged interest rate rho 0.870 0.024 0.844 0.022
r output ry 0.062 0.027 0.057 0.015
r d(output) r_dy 0.209 0.024 0.194 0.023
Log data density -1096.528 -1128.195

The table shows the estimated parameters for the DSGE model in the unrestricted
case (k= 0) and the restricted case (k= 3). The model is estimated under the
restriction that the excess holding period return on the 10-year bond generated by the
model matches the one in the data. k corresponds to k in

Flehpr=i0model_gppn=40.datay _ o7 (0, 0 ¢ pprn=10.data)

where K is a sensitivity parameter that determines the tightness of the prior. Log data
density is the Laplace approximation of the marginal posterior density. ‘mode’ and
‘s.d.” are the mode and standard deviation of the posterior.
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Table 4a: Effect on spread, ehpr and the risk free rate of changes
in stochastic processes

10-year spread ehpr E(Rf)
Baseline model -10.53 3.71 5.860
S.E. of shocks set to 0,001
Productivity E_A -13.79 -0.56 5.931
Inflation obj. E_PIE_BAR 5.38 12.06 5.864
Cons. Preference E B -11.30 2.75 5.863
Government spending E_G -12.23 1.48 5.881
Labour supply E_L -12.48 1.02 5.880
Investment E_| -11.10 2.67 5.862
Interest rate ETA_R -11.69 2.95 5.876
Equity premium ETA_Q -11.21 3.59 5.860
Price mark-up ETA_P -11.18 3.72 5.860
Wage mark-up ETA_W -11.19 3.72 5.860
Persistence of shocks reduced by 10% from baseline
Productivity rho_a 63.997 583.26 4.281
Cons. Preference rho_b -11.213  3.6489 5.860
Government spending rho_g 2.335 100.81 5.597
Labour supply rho_| -0.138 88.06 5.627
Investment rho_i -11.202 3.7419 5.860

Table 4b: Effect on spread, ehpr and the risk free rate of changes

in the parameters of the DSGE model

10-year spread ehpr E(Rf
Preference parameters
cons. utility sig_c=5 4,97 33,94 5,286
consumption habit hab =0,9 -6,26 17,18 5,761
labour util. sig_l=4 -11,04 3,89 5,855
Real rigidities
Investment adj. cost phi_i =12 -10,25 5,13 5,853
cap. util. adj. cost czcap = 0,54 -11,62 2,52 5,855
fixed cost phi_y =3 -6,45 10,59 5,748
Nominal rigidities
indexation wages gamma_w =0,1 -11,05 3,67 5,860
indexation prices gamma_p=0,1 -10,97 3,74 5,859
calvo wages xi_w=0,1 -12,43 1,86 5,857
calvo prices xi_p=0,1 -12,07 3,42 5,862
Monetary policy
r inflation r_pie =2 -10,95 2,42 5,856
r inflation r_pie=11 -9,58 12,66 5,872
r d(inflation) r_dpi=0,9 -11,32 5,45 5,853
lagged interest rate rho=0,9 -13,46 1,64 5,853
lagged interest rate rho =0,1 -9,24 7,06 5,878
r output ry=0,125 -8,44 7,06 5,857
r d(output) r dy=0,5 -11,55 5,84 5,840

Table 4a and 4b show the values in annualised basis points (bps) for the 10-year
term spread and ehpr, and the expected risk free rate in percentage points (%), for
different calibrations of the DSGE model. One parameter is changed at a time, the
rest remain at their "baseline" values, equal to the mode of the posterior distribution.
These can be found in Table 3, k = 0.
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Table 5a: Sensitivity of excess holding period return, prices of risk
and bond price sensitivities to changes in the DSGE model parame-
ters

I.Prices

@ (b) (c) (d)

Productivity E_A 1,891 5,038 2,714 1,891
Cons. Preference E_B -0,376 -0,202 -0,290 -0,376
Government spending E_G -1,038 -2,745 -1,779 -1,038
Investment E | -0,354 -0,534 -0,539 -0,354
Labour supply E_L 1,009 1,137 -0,033 1,009
Inflation obj. E_PIE_BAR 0,481 0,506 0,460 0,001
Price mark-up ETA_P 0,044 0,010 0,027 0,044
Equity premium ETA Q -0,134 -0,177 -0,185 -0,134
Interest rate ETA_R -0,904 -0,943 -0,873 -0,904
Wage mark-up ETA W 0,065 0,102 0,121 0,065

II. Sensitivities

() (b) (c) (d)

Productivity E_A 2,260 4,506 5,095 2,260

Cons. Preference E B -2,551 -1,365 -2,254 -2,551

Government spending E_G -2,147 -4,641 -4,477 -2,147

Investment E_I -2,941 -4,587 -4,886 -2,941

Labour supply E_L 2,669 2,988 2,931 2,669

Inflation obj. E_PIE_BAR -17,363 -17,308 -17,740 -0,018

Price mark-up ETA_P -0,238 -0,475 -0,275 -0,238

Equity premium ETA_Q -0,904 -1,267 -1,427 -0,904

Interest rate ETA R -0,841 -0,941 -0,014 -0,841

Wage mark-up ETA_W -0,073 0,304 0,615 -0,073

III. Products

() (b) () (d)

Productivity E_A 4,272 22,703 13,827 4,272

Cons. Preference E B 0,959 0,275 0,654 0,959

Government spending E_G 2,228 12,740 7,966 2,228

Investment E_I 1,040 2,449 2,636 1,040

Labour supply E_L 2,694 3,398 -0,096 2,694

Inflation obj. E_PIE_BAR -8,347 -8,762 -8,156 0,000

Price mark-up ETA P -0,011 -0,005 -0,007 -0,011

Equity premium ETA_Q 0,121 0,224 0,264 0,121

Interest rate ETA_R 0,760 0,888 0,013 0,760

Wage mark-up ETA W -0,005 0,031 0,074 -0,005

IV. Eehpr and 10-year spread

(@ (b) (©) (d)

exc. hold. p. return ehpr 3,713 33,941 17,175 12,060

spread -10,533 4,972 -6,264 5,378

(a) Baseline, (b) sigC=5, (¢) hab=0.9, (d) SE(E_PIE_BAR)=0.001

Table 5a shows the results from the decomposition of the yield spread and the ehpr (IV)
on a 10-year bond into the sum over the 10 year period of the product (III) between the prices
of risk (I) and the bond price sensitivities (II) (for details of the decomposition see Table 2).
Columns (a) to (d) correspond to different calibrations of the DSGE model. "Baseline" uses
the values for the model of the posterior from table 2, k = 0, (b) sets risk aversion equal
to5, (c¢) habit equal to 0.9 and (d) the standard error of the inflation target shock equal to

0.001. The rest of the parameters remain at their baseline values.

48



Table 5b: Sensitivity of spread, risk free rate and excess holding
period return, prices of risk and bond price sensitivities to a joint
change in the DSGE model parameters

Productivity

Cons. Preference
Government spending
Investment

Labour supply
Inflation obj.

Price mark-up

Equity premium
Interest rate

Wage mark-up

Productivity

Cons. Preference
Government spending
Investment

Labour supply
Inflation obj.

Price mark-up

Equity premium
Interest rate

Wage mark-up

Productivity

Cons. Preference
Government spending
Investment

Labour supply
Inflation obj.

Price mark-up

Equity premium
Interest rate

Wage mark-up
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ehpr

I.Prices

baseline (@) (b)
1,891 7,143 7,143
-0,376 -0,166 -0,166
-1,038 -4,669 -4,669
-0,354 -0,961 -0,961
1,009 -2,337 -2,337
0,481 0,377 0,000
0,044 -0,003 -0,003
-0,134 -0,319 -0,319
-0,904 -0,747 -0,747
0,065 0,271 0,271

II. Sensitivities
baseline (a) (b)
2,260 10,912 10,912
-2,551 -1,332 -1,332
-2,147 -10,182  -10,182
-2,941 -8,931 -8,931
2,669 1,794 1,794
-17,363 -18,380 -0,019
-0,238 -0,479 -0,479
-0,904 -2,687 -2,687
-0,841 1,349 1,349
-0,073 2,021 2,021

III. Products
baseline (a) (b)
4,272 77,945 77,945
0,959 0,222 0,222
2,228 47,541 47,541
1,040 8,587 8,587
2,694 -4,192 -4,192
-8,347 -6,932 0,000
-0,011 0,001 0,001
0,121 0,858 0,858
0,760 -1,008 -1,008
-0,005 0,548 0,548

IV. Ehpr, 10-year spread and E(Rf)

baseline (a) (b)
3,713 123,570 130,502
-10,533 41,245 58,639
5,860 4,398 4,400

AR

(©
10,307
-0,444
-8,410
-1,388
-3,662

0,000
0,156
-0,680
-0,020
0,520

©
14,641
-2,647
-15,929
-11,928
7,653
-0,021
0,654
-4,565
4,956
2,662

(©)
150,903
1,175
133,953
16,557
-28,025
0,000
0,102
3,105
-0,100
1,385

(©)
279,056
113,3814
2,135

(d)
2,381
-0,335
-1,426
-0,448
0,617
0,000
0,035
-0,160
-0,893
0,091

(d)
3,393
-2,429
-3,197
-3,896
2,673
-0,018
-0,259
-1,153
-0,455
0,250

(d)
8,080
0,813
4,560
1,745
1,650
0,000

-0,009
0,184
0,406
0,023

(d)
17,452
8,061
5,815

(a) sigC=>5 and hab=0.9, (b) sigC=5, hab=0.9 and SE(E_PIE_BAR)=0.001, (c) sigC=5,

hab=0.9, czcap=1.8 and SE(E_PIE_BAR)=0.001, (d) sigC=2, hab=0.8 and SE(E_PIE_BAR)=0.001

For an interpretation of the symbols in Table 5b, see the legend of Table 5a. The parameter

values used for the calibration of models (a) to (d) are shown above. Two, three or four

parameters are changed simultaneously and the rest are maintained at their "baseline" value.
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8 Appendix

Appendix 1: Summary of linearized model equations

~ ~

Cy = 1+hct 1+1 hEtCt+1 (1)
o.—1 ~ ~
Iy — Byl
+ac(1+)\w)(1+h) (t ”“)

b o
) (i~ B

Aok L (g )
+O'C (I1+h)1—py (gt 15441

=~ 1 B e (A I
I = n By + ( te ) 2
t 1+Bt1 ].ﬁtH_l 1+ﬂQt t ()
. R 1—
Qe = - (Rt - Etﬂ't-‘rl) + ﬁEtQt-&-l + (3)
Fk
R Bt
Kin=K,(1=7)+ 7L +2! (4)
Y, = (1—7ky —g,)Ci+7hyI, + gyt +27 (5)
= Soy/g\(tl + QDyCYKt71 + ‘Pyaw?f + (6)

0, (1—a) (Et +7t) — (i, — 1) 7t

Ty — Tt 126 +ﬁﬂ7 By (Tep1 —70) + ﬁ (M1 —T) + (7)
P P
1 1-5 1- .
1+ﬂ7p( gpf)p( fp) (a?f—&—(l—a)wt—s?—(l—a)'yt)+77€
Wy = 1-|6-ﬂEtwt+1+1—§1—5 (8)
+1L (BiTtep1 —Te) — % (T — ) + ﬁ_fwﬂ (Te—1 —7t)

+
1 (1-p86,)1 =)
1+8 (1 + <1+§wm) ‘.

~

Ly = —@t+(1+¢)?f+f(t—1 (9)

—~ T Oc¢ -~ -~ w
|:’wt —CTLLt — m (Ct — th_1> +€fL:| +77t

50



B = Fiatp(Ra—moa) +(1=p) (e Geoa —men) +ry (B = 92,) ) +

rar (B =70) = Gooa = F)] +ray [(B = F7) = (B = 92| + 0
(48)

o1



Appendix 2: Yield spread, expected yield spread and the link with
ehpry
Define the yield to maturity Y;,;:

1
Pt = —m7
RN
and the yield spread as
1+Yr
P =
SP) Ty,

and the log yield spread as sp’ =log (1 + Y;") —log (1+Y}!) = — 1 log (Py) +
log (Py+) . Replace P,; by its expression from the Euler equation (equation 24):

1 L
spi = n log (B¢ P/ Me41) + log (Pre)

Assuming joint log-normality of Ptr_fll and My, (as before), we can write:
n 1 n—1 1 n—1
spy = —E[E,gpﬂ_1 + §Va7"t (pt_s_1 )
1 _
+Emey + §Va1"t (myy1) + covy (p?_‘_ll, mt+1)]+p%
for p?_;ll = log (ng[ll)

Taking the unconditional expectation of the above expression and iterating,
we obtain the expected log spread:

17 1 L1 . 1
E(sp}) = p —EVar (rd) — §Var (Pped) — oo — §Var (pig1) | +(49)
1
+E [E (ehpry) + E (ehprf_l) +..+FE (ehprf)}

where we use equation (42) to replace the covariances between bond prices and
the stochastic discount factor and F (sp%) = 0. The expected spread equals an
average over maturities of the (n — 1) ehpr™ and of an average of the (n — 1)
convexity terms.

By using the fact that the ehpr™ are time-invariant and by iterating using
the expression for a(n), we obtain:

E (spy')

— ib(n —1)BgB'b(n — 1) + ... + %b(l)’BqB’b(l)
n

1
- [b(n — 1) BgAg + ... + b(1) BgA)

This expression shows that the expected spread depends on the transition matrix
B from the state-space description of the macro model and b(n — 1)...b(1) the
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bond price sensitivities with respect to the state variables as well as the variances
of the structural shocks ¢ and the prices of risk Ag .

Recall from equation (49) that the expected spread E (sp}) can be written
as the sum of an average variance and an average covariance component:

, 11 1 1L -
E(spy') = T h2 Z Var, (p;—i-zl) T n Z COUt(mtJth;er (50)
i=1 i=1
The sign of the expected spread will depend on whether the second term in this
sum is positive and larger than the first, which is always negative. The size and
the sign of the covariances between the bond prices and the stochastic discount
factor will depend on the model parameterisation.
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Appendix 3: Bond pricing equations
If the stochastic discount factor is affine, myy1 = ¢ + AL, Xt + Agves1, the
bond price equation will also be affine .

pi = a(n) +b(n) X,
By assumption P? = 1. For n = 1,
Pl = E,M,
which implies that Pt1+1 =FEi 11 M4 . Forn =2,
P} = EyM; 1Py,

Substitue Ptlle by its expression in My, and use the law of iterated expecta-
tions to obtain:
P? = Ey (M1 By 1 My o)

From eq. (27), M;; is conditionally lognormal, so taking logs we obtain for
n=1:

pi = Eymegq + %Vtmt-&-l
Replace using my1 = ¢, + AL, Xt + Aé)vtﬂ :
pr=cm+ALX: + %A;)qu
where ¢ = E(vi41v;,1). This identifies a(1) and b(1) as:
a(l) = cp+ %qu/\o
b(1) = A,
For n = 2,

vt

Eymgqq + %VaTtth + BB 1myye + %Vm“t (Erp1myy2) + covg(my, By p1myeqs)
= e +ALX + %A/oqu Fem At AL AX, + %A;anB’Am + AygBAn,

This identifies a(2) and b(2) as:

a(2) = cm+ %quAo tCm+ A+ %A;,LBqB’Am + AygBA,,

b2) = A, +AL,A

Which can be expressed in terms of a(1) and b(1):

0o(2) = a(l)+cm+b(1)u+%b(1)’BqB'b(1)+quBb(1)
b(1) +b(1) A

=
—~

[N}
~

Il

o4



For n =3,
Pt3 = EtPtQJrlMtJrl
3 2 1 2
Py = Etpt+1 + §Var(pt+1)
1
+Eimia5Varimig + covy (P74 1s Mig1)
Replace p? 1 = a(2) 4+ b(2)' X1 = a(2) + b(2)' (¢ + AX; + Buvyy1)
1

pPo= a(2)+b(2) (p+ AXy) + 5b(2)’BqB’b(2)

1
+em + Am X + 5AOqAO +b(2) BqAo

to obtain
1. 1
a(3) = a(2)+b(2)' (c+ Bgho) + cm + §A09A0 + 5b(2)’BqB'b(2)
b3) = A, +b(2)A
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